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≈

atom

chunks, pairs ⊂ ℕ 
chunks ∩ pairs = ∅
pointers = chunks ∪ pairs

types = { !(tom), "(eader), #(ointer) }
marks = { $(arked), %(nmarked) }
cells = pointers × types × markers

∗: pointers ⟷ cells : p ⟷ [', (, )]
↑: pointers ⟶ pointers : p ⟼ p↑ ≡ ∗p'
↕: pointers ⟶ types : p ⟼ p↕ ≡ ∗p(
↓: pointers ⟶ markers : p ⟼ p↓ ≡ ∗p)

chunk? : pointers ⟶ boolean
pair? : pointers ⟶ boolean
pointer? : pointers ⟶ boolean
raw? : pointers ⟶ boolean
regular? : pointers ⟶ boolean
size : pointers ⟶ ℕA

Memory : memory pointer
Root : root pointer

C : current pointer
P : previous pointer
T : thread pointer

threadT



pair?(C↑)
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[C - 1,  ! , "] → ∗P
 P → C

 P↑ → P 

[C - 1, p, #] → ∗P
 P - 1 → C
 P↑ → P 

 ∗C↑↑ → ∗C
  [C,  ! , "] → ∗C↑↑

 C - 1 → C

[C↑↑, $, "] → ∗C
 [C, !, "] → ∗C↑

chunk?(C) 

C↕ = % Chunk pointer to an 
unmarked atom

Pointer to an 
unmarked atom

pair?(C)

Pair pointer to an 
unmarked atom

Some pointer

chunk?(C↑)

Pointer to an 
unmarked 

chunk pointer

Pointer to an unmarked 
chunk pointer to an 

unmarked regular header

regular?(C↑↑)

Pointer to an unmarked 
chunk pointer to a 

marked cell

C↑↓ = "

Chunk pointer to an 
unmarked chunk pointer 

to a marked header

chunk?(C)

Pair pointer to an 
unmarked chunk pointer 

to a marked header

pair?(C)

Pointer to an 
unmarked pair 

pointer

Pointer to a 
marked cell

C↓ = "

Pointer to a 
marked chunk

chunk?(C)

Chunk pointer to a 
marked chunk with a 

chunk thread

chunk?(C↑)

Chunk pointer to a 
marked chunk with 

pair thread

pair?(C↑)

Even pair pointer 
to a marked cell

even?(C)

Odd pair pointer 
to a marked cellodd?(C)

Odd pair pointer to a 
marked cell with 

chunk thread

Odd pair pointer to 
a marked cell with 

pair thread

pair?(P)

chunk?(P) 

Pointer to an 
unmarked cell

C↓ = #

C - 1 → C

" → C↓

Pointer to an unmarked 
chunk pointer to an 

unmarked raw header

raw?(C↑↑)

Pair pointer to an unmarked 
chunk pointer to an 

unmarked raw header

Chunk pointer to an 
unmarked chunk pointer to 
an unmarked raw header

chunk?(C) 

[C↑↑, $, "] → ∗C
 [C, !, "] → ∗C↑

 C - 1  → C 

[[C↑↑, $, "] → ∗C
 [C, !, "] → ∗C↑

 C↑ + size(C↑↑)  → C 

pair?(C)

 ∗C↑↑ → ∗C
  [C,  ! , "] → ∗C↑↑

[P, !, "] → ∗C
C → P

C↑ → C 

 C↑ - 1 → C 

 C↑ → C C + 1 → C

 Root → ∗Memory 
∅ → P

 Memory → C 

!

Pointer to an unmarked 
chunk pointer to an 

unmarked cell

C↑↓ = #

C↑ = Memory

"

Pointer to a non-
terminal marked cell

C↑ ≠ Memory Pair pointer to a 
marked cell

pair?(C)

Pointer to an 
unmarked pointer

C↕ = !

Graph



⇒

!

{ Root , ∅ , Memory } → { ∗Memory , P , C }
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C

Memory

P P

C

Memory

Root Root



C C

A

(C↓ = !) ∧ (C↕ = ") ∧ chunk?(C)

{ C - 1 } → { C }

A
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P

⇒



C C

{ ! } → { C↓ }

A A
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(C↓ = ") ∧ (C↕ = #) ∧ pair?(C)

⇒

P



{ [C↑↑, !, "] , [C, #, "] , C - 1 } → { ∗C , ∗C↑ , C } 
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C C

(C↓ = $) ∧ (C↕ ≠ %) ∧ chunk?(C↑) ∧ (C↑↓ = $) ∧ raw?(C↑↑) ∧ chunk?(C) 

!!∗

∗!!

& &

⇒

P



{ [C↑↑, !, "] , [C, #, "] } → { ∗C , ∗C↑ } 

(C↓ = $) ∧  (C↕ ≠ %) ∧ chunk?(C↑) ∧ (C↑↓ = $) ∧ raw?(C↑↑) ∧ pair?(C) 

C

Pair pointer to an unmarked chunk pointer to an unmarked raw header Jonkers-Schorr-Waite-1-mark-thread.graffle  - p.7/18

C

!!

!!

∗

& &

⇒

P

∗



{ [C↑↑, !, "] , [C, #, "] , C↑ + size(C↑↑) } → { ∗C , ∗C↑ , C } 

(C↓ = $) ∧  (C↕ ≠ %) ∧ chunk?(C↑) ∧ (C↑↓ = $) ∧ regular?(C↑↑)

C

Pointer to an unmarked chunk pointer to an unmarked regular header Jonkers-Schorr-Waite-1-mark-thread.graffle  - p.8/18

!!

!!

& &

C

⇒

P



C C

T

Chunk pointer to an unmarked chunk pointer to a marked pointer Jonkers-Schorr-Waite-1-mark-thread.graffle  - p.9/18

T

(C↓ = !) ∧ (C↕ ≠ ") ∧ chunk?(C↑) ∧ (C↑↓ = #) ∧ chunk?(C) 

 { ∗C↑↑ , [C, $, #] , C - 1 } → { ∗C , ∗C↑↑ , C } 

⇒

P



 { ∗C↑↑ , [C, !, "] } → { ∗C , ∗C↑↑ } 

(C↓ = #) ∧  (C↕ ≠ $) ∧ chunk?(C↑) ∧ (C↑↓ = ") ∧ pair?(C) 

C C

T

T

Pair pointer to an unmarked chunk pointer to a marked pointer Jonkers-Schorr-Waite-1-mark-thread.graffle  - p.10/18

⇒

P



 { [P, !, "] , C , C↑ } → { ∗C , P , C } 

(C↓ = #) ∧ (C↕ ≠ $) ∧ pair?(C↑)

C

C

P

P
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T T

⇒

≈ ≈



(C↓ = !) ∧ (C↑ ≠ Memory) ∧ chunk?(C) ∧ chunk?(C↑)

 { C↑ - 1 } → { C } 

C

C

Chunk pointer to a marked chunk with a non-terminal chunk thread Jonkers-Schorr-Waite-1-mark-thread.graffle  - p.12/18

T T

⇒

P

Memory Memory



(C↓ = !) ∧ (C↑ ≠ Memory) ∧ chunk?(C) ∧ pair?(C↑)

 { C↑ } → { C } 

C

C
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T T

⇒

P

Memory Memory



 { [C - 1, !, "] , P - 1 , P↑ } → { ∗P , C , P } 

(C↓ = #) ∧ (C↑ ≠ Memory) ∧ pair?(C) ∧ right?(C) ∧ chunk?(P)

C

P

C

P

Right pair pointer to a marked cell with chunk thread Jonkers-Schorr-Waite-1-mark-thread.graffle  - p.14/18

TT

≈

Memory Memory
⇒

≈



 { [C - 1, !, "] , P , P↑ } → { ∗P , C , P } 

(C↓ = ") ∧ (C↑ ≠ Memory) ∧ pair?(C) ∧ right?(C) ∧ pair?(P)

C

P

⇒

C

P
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T T

≈ ≈

Memory Memory



(C↓ = !) ∧ pair?(C) ∧ left?(C)

C

⇒

C

{ C + 1 } → { C }

Left pair pointer to a marked cell Jonkers-Schorr-Waite-1-mark-thread.graffle  - p.16/18

P

≈ ≈



(C↓ = !) ∧ (C↑ = Memory)

!
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C

Memory
T

P



            else                                // pair?(C^)
              { *C = (cel){ P, p, m };          // *C <- [P, p, m]
                P = C;                          // P <- C
                C = C_; }                       // C <- C^
        else                                    // Cv = m
          if (C_ != Memory)                     // C^ ≠ Memory
            if (is_chunk(C))                    // chunk?(C)
              if (is_chunk(C_))                 // chunk?(C^)
                C = C_ - 1;                     // C <- C^ - 1
              else                              // pair?(C^)
                C = C_;                         // C <- C^
            else                                // pair?(C)
              if (is_right(C))                  // right?(C)
                { P_ = P->P;                    // P^
                  if (is_chunk(P))              // chunk?(P)
                    { *P = (cel){ C - 1, p, u };// *P <- [C - 1, p, u]
                      C = P - 1; }              // C = P - 1
                  else                          // pair?(P)
                    { *P = (cel){ C - 1, p, m };// *P <- [C - 1, p, m]
                      C = P; }                  // C = P
                  P = P_; }                     // P <- P^
              else                              // left?(C)
                C += 1;                         // C <- C + 1
          else                                  // C^ = Memory
            break; }}                           // stop
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typedef struct CEL * ptr;
typedef enum { a, h, p } typ;
typedef enum { m, u } mrk;
typedef struct CEL { ptr P; typ T; mrk M; } cel;

const ptr Null = 0;

ptr Memory;

static unsigned is_chunk(ptr), is_right(ptr), is_raw(ptr), size(ptr);

void Jonkers_Schorr_Waite_mark_thread(cel Root)
  { ptr C, C_, C__, P, P_;
    *Memory = Root;                             // *Memory <- Root
    P = Null;                                   // P <- Null
    for (C = Memory;;)                          // C <- Memory
      { C_ = C->P;                              // C^
        if (C->M == u)                          // Cv = u
          if (C->T == a)                        // Cw = a
            if (is_chunk(C))                    // chunk?(C)
              C -= 1;                           // C <- C - 1
            else                                // pair?(C)
              C->M = m;                         // Cv <- m
          else                                  // Cw ≠ a
            if (is_chunk(C_))                   // chunk?(C^)
              { C__ = C_->P;                    // C^^
                if (C_->M == u)                 // C^v = u
                  { *C = (cel){ C__, h, m };    // *C <- [C^^, h, m]
                    *C_ = (cel){ C, p, m };     // *C^ = [C, p, m]
                    if (is_raw(C__))            // raw?(C^^)
                      if (is_chunk(C))          // chunk?(C)
                        C -= 1;                 // C <- C - 1
                      else;                     // pair?(C)
                    else                        // regular?(C^)
                      C = C_ + size(C__); }     // C <- C^ + size(C^^)
                else                            // C^v = m
                  { *C = *C__;                  // *C <- *C^^
                    *C__ = (cel){ C, p, m };    // *C^^ = [C, p, m]
                    if (is_chunk(C))            // chunk?(C)_
                      C -= 1;                   // C <- C - 1
                    else; }}                    // pair?(C)
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