Abstract garbage collection is the application of GC to an abstract inter-
preter. It is known that abstract GC significantly improves both the inter-
preter’s precision and performance. In this work, we focus on the efficient
integration of abstract GC.

To maximise its precision and performance benefits, abstract GC needs to be
applied frequently; at the same time, frequent applications bring about
their own performance overhead. We propose a novel approach for abstract GC
based on reference counting, which we call abstract reference counting. The
approach is able to immediately eliminate all garbage, maximising abstract
GC’s precision and performance benefits. Yet, it does not require frequent
heap traversals, therefore adding no significant overhead. To ensure all
garbage is eliminated, we augment abstract reference counting with cycle
detection, counting references at the level of strongly connected compo-
nents. The empirical evaluation shows that the resulting approach achieves
both the optimal precision and significantly improved performance compared
to existing approaches to abstract GC.

Second, we consider the integration of abstract GC for abstract interpret-
ers that do not explicitly model continuations (such as abstract defini-
tional interpreters). These offer extra precision and performance benefits
by eliding an over-approximation of the continuation, and instead making
use of recursive evaluation rules that inherit perfect stack precision from
their defining language. Existing techniques either fail to exploit the full
benefit of both abstract GC and such “big-step” abstract interpreters, and/
or require complicated modifications to the interpreter. In addition, they
all lack scalability, as abstract GC is not compatible with global store
widening. We present DSS, a novel yet simple approach to integrating ab-
stract GC into abstract definitional interpreters. DSS returns a delta store
(representing changes to the original store) instead of the updated store
as part of the evaluation result. DSS not only preserves the advantages of
pushdown control flow and abstract GC, but is able to exploit even greater
precision benefits due to more aggressive GC. We provide both formal as well
as empirical evidence for this claim. To prevent scalability issues, we
propose the use of a form of store widening for DSS that still allows for
flow sensitivity and remains compatible with abstract GC.

Finally, we show how an existing effect-driven worklist algorithm can be
generalised to efficiently compute the fixpoint for DSS-based analyses (both
with and without abstract GC). In order to further

improve performance, we also design and imple-
ment a parallel version of this algorithm. Our
empirical evaluation shows that this parallel
worklist algorithm scales well on multi-core
systems for both DSS-based analyses as well
as other modular analyses.
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Abstract

Abstract garbage collection is the application of garbage collection (GC) to an
abstract interpreter. It is known that abstract GC significantly improves both the
interpreter’s precision and performance. In this work, we focus on the efficient
integration of abstract GC.

To maximise its precision and performance benefits, abstract GC needs to be
applied frequently; at the same time, frequent applications bring about their own
performance overhead. We propose a novel approach for abstract GC based on
reference counting, which we call abstract reference counting. The approach is
able to immediately eliminate all garbage, maximising abstract GC’s precision and
performance benefits. Yet, it does not require frequent heap traversals, therefore
adding no significant overhead. To ensure all garbage is eliminated, we augment
abstract reference counting with cycle detection, counting references at the level
of strongly connected components. The empirical evaluation shows that the res-
ulting approach achieves both the optimal precision and significantly improved
performance compared to existing approaches to abstract GC.

Second, we consider the integration of abstract GC for abstract interpreters
that do not explicitly model continuations (such as abstract definitional inter-
preters). These offer extra precision and performance benefits by eliding an over-
approximation of the continuation, and instead making use of recursive evaluation
rules that inherit perfect stack precision from their defining language. Existing
techniques either fail to exploit the full benefit of both abstract GC and such
“big-step” abstract interpreters, and/or require complicated modifications to the
interpreter. In addition, they all lack scalability, as abstract GC is not compatible
with global store widening. We present delta store semantics (DSS), a novel yet
simple approach to integrating abstract GC into abstract definitional interpreters.
DSS returns a delta store (representing changes to the original store) instead of
the updated store as part of the evaluation result. DSS not only preserves the
advantages of pushdown control flow and abstract GC, but is able to exploit even
greater precision benefits due to more aggressive GC. We provide both formal as
well as empirical evidence for this claim. To prevent scalability issues, we propose
the use of a form of store widening for DSS that still allows for flow sensitivity
and remains compatible with abstract GC.

Finally, we show how an existing effect-driven worklist algorithm can be gener-
alised to efficiently compute the fixpoint for DSS-based analyses (both with and
without abstract GC). In order to further improve performance, we also design
and implement a parallel version of this algorithm. Our empirical evaluation
shows that this parallel worklist algorithm scales well on multi-core systems for
both DSS-based analyses as well as other modular analyses.






Samenvatting

Abstracte garbage collection (GC) is de toepassing van garbage collection op
abstracte interpreters. Het is geweten dat abstracte GC zowel de precisie als
de performantie van een abstracte interpreter significant verbetert. In dit werk
focussen we ons op de efficiénte integratie van abstracte GC.

Om de precisie- en performantiewinsten te maximaliseren moet abstracte GC
regelmatig toegepast worden; tegelijkertijd brengen deze regelmatige toepassin-
gen van GC hun eigen performantiekost met zich mee. Wij stellen een nieuwe
aanpak voor abstracte GC voor die gebruik maakt van het tellen van referenties,
en noemen deze aanpak abstract reference counting. Abstract reference counting
kan meteen alle garbage elimineren, waardoor de precisie- en performantiewin-
sten gemaximaliseerd worden. Tegelijkertijd hoeft abstract reference counting
het geheugen niet frequent te doorlopen, waardoor deze aanpak geen significante
performantiekost toevoegt. Om ervoor te zorgen dat alle garbage verwijderd is,
breiden we abstract reference counting uit met een algoritme om cycli te de-
tecteren, en tellen we referenties op niveau van de sterk samenhangende compon-
enten in het geheugen. De empirische evaluatie toont aan dat deze aanpak zowel
de optimale precisie als een significant betere performantie behaalt in vergelijking
met bestaande technieken voor abstracte GC.

Ten tweede bekijken we de integratie van abstracte GC voor abstracte interpret-
ers die niet expliciet de huidige continuatie modelleren (zoals abstract definitional
interpreters). Deze abstracte interpreters bieden extra voordelen op gebied van
precisie en performantie door geen over-approximatie van de continuatie te mod-
elleren, en in plaats daarvan gebruik te maken van recursieve evaluatieregels die
perfecte stack precisie erven van de taal waarin ze zijn gedefinieerd. Bestaande
technieken benutten niet de volledige voordelen van zowel abstracte GC als van
deze “big-step” abstracte interpreters, en/of vereisen ingewikkelde aanpassingen
aan de abstracte interpreter. Daarnaast ondervinden ze allemaal problemen met
schaalbaarheid, aangezien abstracte GC niet compatibel is met global store widen-
ing. We presenteren delta store semantiek (DSS), een nieuwe maar eenvoudige
aanpak om abstracte GC te integreren in abstract definitional interpreters. DSS
geeft een delta store (die veranderingen aan de originele store voorstelt) terug in
plaats van de gewijzigde store als deel van het evaluatieresultaat. DSS behoudt
niet alleen de voordelen van pushdown control flow en abstracte GC, maar behaalt
zelfs nog grotere precisiewinsten (vanwege de agressievere GC). We bevestigen dit
zowel formeel als empirisch. Om schaalbaarheidsproblemen te voorkomen, stel-
len we het gebruik van een vorm van store widening voor DSS voor die zowel
flow-sensitiviteit toelaat alsook compatibel is met abstracte GC.
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Ten slotte tonen we aan hoe een bestaand effect-gedreven worklist algoritme
gegeneraliseerd kan worden om efficiént het fixpunt voor DSS-gebaseerde ana-
lyses (zowel met als zonder abstracte GC) te berekenen. Om de performantie
nog meer te verbeteren, ontwerpen en implementeren we ook een parallelle ver-
sie van dit algoritme. Omze empirische evaluatie toont aan dat dit algoritme
goed schaalt op multi-core architecturen voor DSS-gebaseerde analyses en andere
modulaire analyses.
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1 Introduction

In this dissertation, we present several novel techniques to improve the precision
and performance of static program analysis. Specifically, we focus on abstract
interpretation, a powerful static analysis technique that can be used to reason
about a program’s run-time behaviour by directly (over-)approximating its se-
mantics. The main techniques we present in this dissertation involve improving
the efficiency of existing approaches to abstract garbage collection, which can im-
prove both the precision and performance of abstract interpreters by eliminating
irrelevant information from their abstract states. In particular, we propose ab-
stract reference counting, an alternative to the traditional tracing GC approach to
abstract GC, and delta store semantics, a novel form of language semantics that
allows an efficient integration of abstract GC for big-step abstract definitional in-
terpreters. In addition, we also present a parallel worklist algorithm to efficiently
compute the fixpoint of such analyses.

1.1 Research Context

Today’s society is increasingly reliant on software systems. As software develop-
ment is inherently error-prone, errors in such software may have a major disruptive
impact on society. As an example, in 2024, the CrowdStrike-related outage [6, 149]
resulted in the crash of around 8.5 million Windows machines, which in turn
caused major disruptions for airlines, hospitals, and other critical infrastructure.
At the core of this outage was a software bug that caused an out-of-bounds ac-
cess (specifically, reading the 21st element of an array of size 20), which in turn
crashed the affected machines. Although the fix for this bug was relatively simple
(i.e., adding a simple bounds check before accessing the array), the damage was
already done by the time the fix was deployed, and the outage lasted for several
days. This example stresses the importance of finding such errors early on in the
development process (“shifting left”), a principle which is becoming increasingly
recognised in modern software engineering.

One way in which such vulnerabilities can be detected early on is through
static program analysis. Static analysis allows us to reason about the run-time
behaviour of a program, without actually executing that program. As such, it
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can for instance be used to detect potential occurrences of software bugs (such as
the out-of-bounds access in the CrowdStrike-related outage) before the software
is deployed. Unlike testing, static analysis reasons about all possible executions
of a program, and can therefore be used to provide strong guarantees about the
absence of certain classes of bugs (as it can conclude that the bug cannot occur in
any possible execution path of the program). It is therefore frequently employed
to provide such guarantees for safety-critical software in, for instance, aviation [19,
150, 82] (including space aviation [24, 22]), the automotive industry [80, 65] (as
pushed by the ISO 26262 safety standard), and nuclear power plants [126].

The reasoning capabilities of static program analysis are not just limited to
verifying the absence of bugs. In general, static analysis can be used to reason
about any property of a program’s run-time behaviour. It therefore also has ap-
plications in other domains, such as program optimisation (e.g., to safely perform
compiler optimisations that preserve program behaviour [176, 138]), program com-
prehension (e.g., to reduce a larger program to a program slice containing only
expressions and statements relevant for a given program point of interest [178, 18],
or to automatically derive constraints for a program’s inputs [158]), and security
(e.g., to verify the absence of exploitable security vulnerabilities [174, 20, 91] and
information leaks [8, 9]).

The advent of large language models (LLMs) has further increased the need
for static analysis. These LLMs are trained on large amounts of source code,
and can generate code that is syntactically correct and compiles without errors;
however, the generated code may still contain issues that are not immediately
apparent and only manifest themselves at runtime. In fact, recent studies
show that LLM-generated code often contains a significant number of bugs and
vulnerabilities [75, 128, 127]. Static analysis can be used as a guardrail to verify
the correctness of generated code [5, 117], providing guarantees about the absence
of certain classes of bugs. Likewise, the growing popularity of LLM-generated
code also increases the need for static analysis tools that aid developers with
other issues such as program comprehension (as developers may struggle to
understand the Al-generated code [159, 95, 3]) and program optimisation (as
Al-generated code may suffer from performance issues [67, 130]).

However, the limits of static analysis are well known: Rice’s theorem (which
can be seen as a generalisation of the halting problem) states that any non-
trivial property of a program’s run-time behaviour is undecidable [134]. As
a consequence, it is fundamentally impossible to design a static analysis for
a non-trivial behavioural property that is completely accurate for any given
program. In practical terms, this means analyses must trade accuracy for
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computability by reasoning about an approximation of the program’s run-time
behaviour. Over-approximating the program’s behaviour leads to false positives,
as the analysis considers program behaviours that are not possible in any actual
execution of the program. Under-approximating the program’s behaviour leads
to false megatives, as the analysis fails to consider program behaviours that are
possible in an actual execution of the program. An analysis is sound if it only
over-approximates the program’s behaviour (and therefore only loses accuracy
through false positives). An analysis is complete if it only under-approximates the
program’s behaviour (and therefore only loses accuracy through false negatives).
Due to Rice’s theorem, it is impossible to design a static analysis that is
both sound and complete for any non-trivial property of a program’s run-time
behaviour. In practice, most static analyses are designed to be sound, as this
allows them to provide strong guarantees about the absence of certain classes of
bugs (i.e., a bug is guaranteed to never occur in a program if it does not occur
in an over-approximation of the program’s behaviour).

In order to be appreciated, a static analysis has to be sufficiently precise: studies
show that a lack of precision (i.e., too many false alarms) is one of the main
reasons why developers eschew the use of static analysis tools [76, 28, 140]. In
general, a static analysis can be configured through several parameters to control
its precision (i.e., the degree of (over-)approximation). Unfortunately, increasing
the precision through these parameters often comes at a cost, as they generally
also increase the analysis’ time and space complexity. As a result, an analysis that
is sufficiently precise may fail to scale to larger programs (while studies show that
a lack of performance also leads to developers not using static analysis [28, 43]),
and an analysis that is sufficiently scalable may fail to be precise enough to be
useful. A good balance between precision and scalability is often difficult to strike.

This Work: Static Analysis Through Abstract Interpretation. In this disser-
tation, we focus on the precision and performance of static analyses based on
abstract interpretation [33, 105]. Abstract interpretation is a powerful approach
to systematically construct (sound) static analyses for programs written in some
programming language, starting from an interpreter for that language (following
the language’s concrete operational semantics). The key idea is to systematic-
ally over-approximate (i.e., abstract) the behaviour of this “concrete” interpreter,
resulting in an abstract interpreter (following the language’s abstract semantics).
This approximation is done in such a way that the resulting abstract interpreter is
always guaranteed to terminate (even when the concrete interpreter would enter
an infinite loop); reasoning about the results of the execution of this abstract
interpreter therefore yields a decidable (and sound) analysis. Specifically, the ap-
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proximation usually entails finitising the heap, and replacing the concrete values
used by the interpreter with abstract values coming from an abstract domain that
is either finite, or for which it can be shown that the interpreter will only consider
a finite number of values during its execution. To obtain a sound analysis, the
abstract semantics is subsequently defined to consider all possible execution paths
in case of non-determinism (which may arise from the use of abstract values).

A key advantage of abstract interpretation is that it supports a wide range of
analyses (as the operational semantics can easily be extended to track the prop-
erty of interest) and programming language features (as the operational semantics
can easily handle advanced programming language concepts such as higher-order
functions and first-class continuations). Additionally, an abstract interpreter of-
fers various configuration parameters to control its precision and performance
(such as the choice of a more or less precise abstract domain).

1.1.1 The Importance of Abstract Garbage Collection

One way to improve both the precision and performance of a static analysis is
through abstract garbage collection [71, 106, 40] (abstract GC — also referred to
as memory localisation [122] or framing [135, 97]). The idea of abstract GC is to
eliminate irrelevant information from the memory representation of the abstract
interpreter — specifically, information that is irrelevant to the current evaluation
context. In particular, throughout its execution, an abstract interpreter typic-
ally maintains an approximation (i.e., an abstraction) of the heap, which maps
(abstract) addresses to (abstract) values. Some bindings in the heap become un-
reachable during the execution of the abstract interpreter when their correspond-
ing address is no longer (transitively) referenced from the current environment or
stack of the interpreter, and can therefore be considered garbage. Similar to a
concrete interpreter, an abstract interpreter can reclaim garbage by applying GC.

However, unlike garbage collection for a concrete interpreter, the primary pur-
pose of abstract GC is not to free up memory (although this remains a secondary
benefit). Instead, abstract GC is mainly used to improve the precision and scalab-
ility of the abstract interpreter. Specifically, we can identify two main advantages
of garbage collection for an abstract interpreter.

Avoiding Precision Losses Due to Garbage Joins. In order to guarantee termin-
ation, the memory representation of an abstract interpreter is typically rendered
finite by using an approximation of the heap with only a finite number of ad-
dresses. As the abstract interpreter needs to map a potentially infinite number of
concrete addresses to a finite number of abstract addresses, the pigeonhole prin-
ciple dictates that multiple concrete addresses inevitably end up being allocated

4
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at the same abstract address. In order to soundly over-approximate the concrete
heap, values allocated at the same address in the abstract heap are joined to-
gether. Such a join ensures that the resulting value over-approximates both of
the joined values, but comes at the cost of precision. In general, such precision
losses are unavoidable when using finite heap approximations.

Abstract GC can avoid some of these precision-detrimental joins. Without
abstract GC, unreachable (i.e., reclaimable) addresses still hold on to (garbage)
values. New allocations at these unreachable addresses need to join together
the newly allocated values with these garbage values, leading to unnecessary
precision losses. With abstract GC, the garbage values can be removed before
new values are allocated at these addresses, thereby preventing these precision-
detrimental joins. This situation is illustrated in Figure 1.1: without abstract GC
(Figure 1.1a), a precision loss occurs at address a3, where the newly allocated
value Ug is joined with the old garbage value v5; with abstract GC (Figure 1.1b),
this address is reclaimed before the new allocation, and the join is avoided.
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Figure 1.1: Illustration of how abstract GC can prevent precision losses.

In practice, these precision improvements brought by abstract GC also have a
positive impact on the performance (and therefore scalability) of the abstract
interpreter. The reason is that, without abstract GC, garbage is often easily
propagated to other parts of the heap. At some point, the garbage may therefore
influence the control-flow behaviour of the abstract interpreter, leading to the ex-
ploration of so-called spurious paths (i.e., program paths that never occur in a real
execution of the program). Abstract GC prunes these garbage-induced spurious
paths, therefore often significantly improving the interpreter’s performance [106].
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Avoiding the Reanalysis of Equivalent States. An abstract interpreter fre-
quently needs to evaluate the same expression multiple times for different abstract
heaps. In order to compute a fixpoint for evaluations where the same expression
is recursively evaluated with the same heap, an abstract interpreter can employ
some form of cache that stores the evaluation result of each expression for each
of the different heaps it is encountered with. If the same expression is later eval-
uated with a heap that has already been encountered, it reuses the cached result.
Otherwise, it re-evaluates the expression using the newly encountered heap.

Without abstract GC, some re-evaluations of the same expression are redund-
ant, as two heaps may differ only in bindings that are irrelevant to the current
evaluation context (i.e., in bindings that can be considered garbage). With ab-
stract GC, such heaps would be considered equal, as removing all garbage keeps
memory representations minimal. This increases the chances of evaluating an ex-
pression with the same heap, improving cache reuse (and therefore scalability).
This situation is illustrated in Figure 1.2: without abstract GC (Figure 1.2a),
the abstract interpreter needs to consider 5 different input heaps; when garbage
bindings are removed from these heaps using abstract GC (Figure 1.2b), only two
different heaps for which the expression needs to be evaluated remain.
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Figure 1.2: Illustration of how abstract GC can prevent redundant re-evaluations.
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1.2 Problem Statement

The precision and performance benefits of abstract GC are widely recognised.
However, the integration of abstract GC into an abstract interpreter is not always
straightforward. We argue that most existing integrations (such as those presented
in [105, 40]) fail to exploit the maximum precision and performance benefits of
abstract GC. Specifically, in this dissertation, we focus on two key challenges.

Avoiding GC Overhead. As previously mentioned, abstract GC greatly improves
the performance of the abstract interpreter, as it avoids the exploration of spurious
paths and redundant re-evaluations. However, the application of abstract GC
itself also brings about its own performance overhead, as each application of GC
requires a full traversal of the heap to reclaim garbage. Crucially, the size of the
heap is generally proportional to the size of the program: larger programs feature
more allocation sites, which each use a different address in the heap. This makes
abstract GC increasingly more expensive per application for larger programs.

In order to obtain its maximum benefit, abstract GC should also be applied
at every evaluation step (as any surviving garbage may become reachable again
after the address at which it resides is reused for a new allocation, resulting in
an unrecoverable loss of precision). The combination of frequent applications and
full heap traversals can easily become the performance bottleneck of the abstract
interpreter. While the net effect of abstract GC on the interpreter’s performance is
generally still positive, the benefit is significantly dragged down by this overhead.
Practical implementations of abstract GC [106, 104, 73] therefore often choose to
not apply abstract GC at every step, but only at certain points (e.g., at every
function call). Such policies are however not ideal, as they come at the cost of
precision, and only partially mitigate the negative impact of the GC overhead.

Integration With Big-Step Semantics. The application of concrete and abstract
GC requires a root set of addresses, so that all addresses that can transitively be
reached from this root set are not considered garbage (and thus survive GC).
This root set typically comes from the evaluation environment and the current
continuation (i.e., the “stack”) of the interpreter. When integrating abstract GC
into a small-step abstract interpreter (e.g., as in [106, 105]), both the environment
and continuation component are directly available.

Big-step abstract interpreters (e.g., as in [40]) offer several advantages over
small-step abstract interpreters in terms of precision and performance. However,
these interpreters do not explicitly model the continuation, and are instead built
on recursive evaluation rules. The integration of abstract GC for such interpreters
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hence becomes less trivial, as references from the continuation are required to
correctly determine the GC root set (otherwise, GC may accidentally remove
bindings that are required after the current evaluation).

Existing attempts to combine big-step abstract interpreters with abstract GC
fail to do so effectively. For example, a straightforward approach [45, 40] is to
modify the big-step abstract interpreter to explicitly pass along or recover the root
set of addresses for the continuation. However, doing so is detrimental to both
abstract GC (as these references are not needed for the current evaluation, and
hence less garbage can be collected) and the interpreter’s scalability (as this may
cause redundant re-evaluations of the same expression for different continuations).
In summary, these attempts either fail to achieve the maximum precision and
performance benefits when combining abstract GC with big-step semantics [45, 40,
53] and/or require complicated modifications to the abstract interpreter [45, 54].

1.3 Contributions

In this dissertation, we make the following contributions to overcome these chal-
lenges and obtain greater performance and precision benefits from abstract GC.

Abstract Reference Counting. We introduce a novel form of abstract GC based
on reference counting instead of tracing GC, which we refer to as abstract reference
counting. Using reference counting over tracing GC offers two important advant-
ages. First, reference counting does not require full heap traversals; instead, it can
directly reclaim unreachable addresses as soon as their reference count becomes
zero. As a result, the performance of abstract reference counting is only sensitive
to the amount of garbage that needs to be reclaimed, not to the size of the en-
tire heap. Second, reference counting can reclaim all garbage immediately using
simple bookkeeping, and hence does not require application heuristics that need
to trade off precision (due to surviving garbage) for performance. These benefits
eliminate the performance issues due to GC overhead.

We extend abstract reference counting with cycle detection, as naive reference
counting cannot reclaim garbage cycles. Specifically, we integrate an incremental
cycle detection algorithm into the abstract interpreter, and lift abstract reference
counting to count references at the level of strongly connected components. We
show that abstract reference counting with cycle detection results in a garbage-free
abstract interpreter, as all garbage can be immediately reclaimed.

We provide an implementation of abstract reference counting as an extension
of a small-step (AAM-style [105]) abstract interpreter in the MAF analysis frame-
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work [165]. Our experiments confirm that abstract reference counting (with cycle
detection) achieves the optimal precision for abstract GC, while significantly out-
performing existing approaches to abstract (tracing) GC.

Delta Store Semantics (DSS). We introduce delta store semantics (DSS), a
novel formulation of big-step abstract semantics where evaluation steps return
minimal and composable delta stores (representing changes to a store) instead
of complete updated stores. The main benefit of DSS is that it enables an effi-
cient integration of abstract GC! (i.e., an integration that is able to preserve the
maximum precision and performance benefits of both abstract GC and big-step
abstract interpretation). For big-step abstract interpreters, we show that DSS
with abstract GC achieves even better precision compared to an equivalent small-
step interpreter with abstract GC (for programs without mutable variables). We
formulate this claim as a theorem, and provide a mechanised proof in Rocq.

We also show how a new form of store widening can be integrated into DSS,
further exploiting the minimal and compositional nature of delta stores. This
form of store widening closely resembles the traditional notion of flow sensitivity,
and still allows for strong updates and (a limited form of) abstract GC.

We formalise the base evaluation rules for DSS and the integration of ab-
stract GC and flow-sensitive store widening. We provide an implementation of
DSS (and these integrations) in MAF. Using this implementation, we conduct an
empirical evaluation to measure the impact of abstract GC (compared to abstract
GC for small-step interpreters) and flow-sensitive store widening for DSS.

A Parallel Worklist Algorithm for DSS. In order to compute a fixpoint for the
big-step evaluation rules of DSS, we generalise an existing effect-driven worklist
algorithm for a class of flow-insensitive, modular analyses. Specifically, we gener-
alise this algorithm to support a larger class of analyses (including flow-sensitive
ones), reformulate DSS as a modular analysis, and instantiate the generalised
worklist algorithm to obtain an efficient fixpoint computation for DSS.

Subsequently, we show how this general worklist algorithm can be rendered
parallel, further improving the scalability of the analysis. As the parallelisation
is not specific to the instantiation of the worklist algorithm for DSS, this parallel
worklist algorithm remains applicable to a wide class of modular analyses.

We provide an implementation of both a sequential and parallel version of this
generalised worklist algorithm in MAF. Our experiments show that the effect-

'Both abstract tracing GC and abstract reference counting are considered approaches to ab-
stract GC. As our work on DSS and abstract reference counting form orthogonal contribu-
tions, we present each separately from the other, and therefore employ tracing GC for DSS.

9
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driven worklist algorithm significantly outperforms a naive fixpoint algorithm,
and that its parallel variant achieves significant speedups for both DSS and other
existing modular analyses (such as ModF [119)]).

1.4 Supporting Publications
The work presented in this dissertation builds upon several of our publications:

Van Es, N., Stiévenart, Q., and De Roover, C. (2019). Garbage-free abstract
interpretation through abstract reference counting. In A. F. Donaldson, editor,
Proceedings of the 33rd European Conference on Object-Oriented Programming,
LIPIcs, pages 10:1-10:33, London, United Kingdom. Schloss Dagstuhl - Leibniz-
Zentrum fiir Informatik

This publication presents abstract reference counting as a novel, alternative ap-
proach to traditional abstract GC that does not require frequent heap traversals
(and therefore achieves the optimal precision benefits of abstract GC with signi-
ficantly lower overhead). Abstract reference counting is the topic of Chapter 3.
Specifically, Chapter 3 extends the work of this publication by also taking into
account strong updates, requiring modifications to the cycle detection algorithm.

Van Es, N., Van der Plas, J., Stiévenart, Q., and De Roover, C. (2020a). MAF:
A framework for modular static analysis of higher-order languages. In Pro-
ceedings of the 20th IEEE International Working Conference on Source Code
Analysis and Manipulation, pages 37-42, Adelaide, Australia. IEEE

This publication presents MAF (short for “Modular Analysis Framework”). MAF
is a (Scala) framework that aids analysis developers in building modular analyses?.
Both the (small-step) AAM-style abstract interpreters of Chapter 3, as well as the
(big-step) abstract definitional interpreters of Chapters 4 and 5 can be expressed in
this modular analysis framework. Common to all these analyses is the effect-driven
worklist algorithm that drives all modular analyses in MAF, which is generalised in
this work and presented in Section 5.2. MAF itself is also a modular framework, in
the sense that it allows analysis developers to easily build an analysis by composing
different analysis components. All implementations of the work presented in this
dissertation, as well as all experiments performed with those implementations for
the evaluations presented in this dissertation, were conducted in MAF3,

2Following the notion of “modular” introduced by Cousot [35].
3Technically, with the exception of our work on abstract reference counting, which was built on
top of Scala-AM [152], the predecessor of MAF.

10
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Van Es, N., Stiévenart, Q., Van der Plas, J., and De Roover, C. (2020b). A par-
allel worklist algorithm for modular analyses. In Proceedings of the 20th IEEE

International Working Conference on Source Code Analysis and Manipulation,
pages 1-12, Adelaide, Australia. IEEE

This publication presents a parallel version of the effect-driven worklist algorithm
used in MAF to further speed up the analysis. This parallelisation strategy is the
central topic of Section 5.3 in this dissertation.

Van Es, N., Vandenbogaerde, B., and De Roover, C. (2025). Delta store se-
mantics: Abstract garbage collection for abstract definitional interpreters. In
H. Oh and Y. Sui, editors, Proceedings of the 32nd International Static Analysis
Symposium, Lecture Notes in Computer Science, pages 386—421, Singapore.
Springer

This publication presents delta store semantics (DSS), a novel approach to spe-
cifying (big-step) language semantics. The work shows how DSS makes it possible
to integrate abstract GC into abstract interpreters that do not explicitly model
the continuation component (i.e., “the stack”) while retaining the full benefits of
both abstract GC and pushdown control flow. DSS is the topic of Chapter 4.

1.4.1 Other Publications

Several of our other publications do not directly support the work presented in
this thesis. We list them below for the sake of completeness.

Van Es, N., Nicolay, J., Stiévenart, Q., D’Hondt, T., and De Roover, C. (2016).
A performant Scheme interpreter in asm.js. In S. Ossowski, editor, Proceedings
of the 31st Annual ACM Symposium on Applied Computing, pages 1944-1951,
Pisa, Italy. ACM

Van Es, N., Stiévenart, Q., Nicolay, J., D’Hondt, T., and De Roover, C. (2017a).
Implementing a performant Scheme interpreter for the web in asm.js. Computer
Languages, Systems & Structures, 49, 62-81

These articles were published before the start of the PhD research. They cover
the work that was done as part of our Bachelor’s thesis, for which we investigated
the integration of asm.js (the predecessor of today’s WebAssembly) to improve
the performance of a (concrete) interpreter implemented in JavaScript.

11
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Van Es, N., Vandercammen, M., and De Roover, C. (2017b). Incrementaliz-
ing abstract interpretation. In S. Demeyer, A. Parsai, G. Laghari, and B. van
Bladel, editors, Proceedings of the 16th edition of the BElgian-NFEtherlands soft-
ware eVOLution symposium, CEUR Workshop Proceedings, pages 31-35, An-
twerp, Belgium. CEUR-WS.org

This position paper summarises the main findings of the work that was done as
part of our Master’s thesis. This work shares the same broader research field
(abstract interpretation, with a focus on efficiency) as the work presented in this
dissertation. Specifically, it proposes a technique to render the computation per-
formed by a small-step (AAM-style) abstract interpreter incremental, in the sense
that a full re-analysis of the whole program can be avoided upon incremental
changes in the program (i.e., such an incremental analysis attempts to reuse pre-
vious analysis results and to recompute only what is affected by the change).

Van der Plas, J., Stiévenart, Q., Van Es, N.; and De Roover, C. (2020). In-
cremental flow analysis through computational dependency reification. In Pro-
ceedings of the 20th IEEE International Working Conference on Source Code
Analysis and Manipulation, pages 25—-36, Adelaide, Australia. IEEE

This paper presents another strategy to render abstract interpretation incre-
mental. It makes use of the same effect-driven worklist algorithm as the one that
is at the centre of Chapter 5, and exploits its reified dependencies to determine
which parts of the analysis need to be invalidated and recomputed.

Stiévenart, Q., Van Es, N., Van der Plas, J., and De Roover, C. (2021). A
parallel worklist algorithm and its exploration heuristics for static modular
analyses. Journal of Systems and Software, 181, 111042

This journal article is an extension of the work on our parallel worklist algorithm
(as presented in Section 5.1.2). Specifically, it extends our work by investigating
the impact of several exploration heuristics (which determine the order in which
components are scheduled for analysis) on the parallel efficiency of the algorithm.

Verbelen, S., Vandenbogaerde, B., Van der Plas, J., Van Es, N., and De Roover,
C. (2024). Abstract slicing to improve the speed of static program analysis. In
G. Perrouin, B. Vanderose, and X. Devroey, editors, Proceedings of the 23nd
Belgium-Netherlands Software Evolution Workshop, CEUR Workshop Proceed-
ings, pages 134-145, Namur, Belgium. CEUR-WS.org

This paper explores the use of abstract slicing (an advanced form of program
slicing where only dependencies that actually impact the property of interest are

12
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taken into account) as a way to speed up static analysis. Specifically, the idea is
to reduce the size of the program under analysis using abstract slicing in order to
improve the performance of a subsequent abstract interpretation of that program.

Vandenbogaerde, B., Verbelen, S., Van Es; N., and De Roover, C. (2025). Mon-
arch: A modular framework for abstract definitional interpreters in Haskell. In
H. Oh and Y. Sui, editors, Proceedings of the 32nd International Static Analysis
Symposium, Lecture Notes in Computer Science, pages 357—385, Singapore.
Springer

This paper presents the MONARCH analysis framework for abstract definitional
interpreters (i.e., like those used in Chapters 4 and 5). MONARCH is the successor
of MAF. The key novelty is that MONARCH — being implemented in Haskell (in-
stead of Scala in the case of MAF) — uses a MoNadic ARCHitecture to compose
analysis components (using monad transformer stacks), whereas MAF uses a mix
of monadic effect polymorphism and trait composition for this purpose.

1.5 Outline of the Dissertation

The remainder of this dissertation is structured as follows:

Chapter 2: Background. This chapter introduces all the supporting material.
Specifically, it introduces a minimal language Aanf, for which all formalisations
in this dissertation are formulated. It first introduces the concrete (small-step)
operational semantics for AanF as an abstract machine. Next, it systematically
abstracts these concrete semantics (following the AAM approach to abstract in-
terpretation [105]) to obtain the abstract semantics of Aang. In doing so, it also
explains the concepts of abstract domains, abstract garbage collection, abstract
counting (for strong updates) and (global) store widening, and shows how these
can be integrated into the abstract semantics for Aanr.

Chapter 3: Abstract Reference Counting. This chapter presents a novel, al-
ternative approach to abstract GC, which we refer to as abstract reference count-
ing. It shows how traditional abstract GC, based on tracing GC (as presented
in Chapter 2), faces a tradeoff in its application policy: frequent applications are
necessary to eliminate all garbage (and achieve the optimal precision for abstract
GC), yet these same frequent applications bring about a significant performance
overhead (due to frequent full heap traversals). Abstract reference counting, on
the other hand, can collect all garbage continuously with only constant-time over-
head. This chapter shows how abstract reference counting is integrated into the

13
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(small-step) abstract semantics presented in Chapter 2. In this chapter, we also
focus on cyclic garbage, which naive reference counting cannot reclaim, and which
we show occurs more frequently in an abstract interpreter. Therefore, this chapter
also presents a form of abstract reference counting augmented with cycle detection
(so that references can be counted at the level of strongly connected components),
which is able to collect all garbage (resulting in a garbage-free abstract interpreter).

Chapter 4: Delta Store Semantics. In this chapter, we focus on the integra-
tion of abstract GC into big-step (definitional) abstract interpreters (which do
not model the stack). We translate the small-step semantics for AanF into equi-
valent big-step abstract semantics, explain how existing approaches integrate ab-
stract GC in such semantics, and highlight why they fall short of the full benefits
of abstract GC and pushdown control flow. Next, we present a novel approach
to express the (abstract) big-step semantics of a language using delta stores, and
formulate such delta store semantics (DSS) for Aang. The key point is that DSS
allows for a more efficient integration of abstract GC, in that it can preserve
all benefits of pushdown control flow and exploit even greater benefits from ab-
stract GC. In this chapter, we also focus on improving scalability through store
widening, which is generally considered incompatible with abstract GC. There-
fore, this chapter also presents a novel form of store widening which preserves flow
sensitivity and still allows for abstract GC, and integrates this into DSS for Aanf.

Chapter 5: A Parallel Worklist Algorithm for DSS. In this chapter, we focus on
how an analysis using delta store semantics can efficiently be computed (i.e., how
a fixpoint over the DSS evaluation rules can efficiently be computed). We first
generalise an existing effect-driven worklist algorithm to compute such a fixpoint,
and show how it can effectively be applied to DSS for Aanr. Next, we render
the computation more efficient by designing a parallel version of this worklist
algorithm, which is then again applied to DSS and other modular analyses.

Chapter 6: Conclusion and Future Work. We conclude with a chapter where
we provide a summary of the work presented in this dissertation, recapitulating
our main contributions. We also provide some potential directions for future work,
such as the integration of abstract reference counting into DSS, an extension of
our work to relational domains, and the adoption of adaptive analysis techniques.

14



2 Background

In this chapter, we introduce a minimal language Aanr. Although we implement
and evaluate all techniques for a subset of R5RS Scheme, AanF is used throughout
this dissertation to formalise these techniques more succinctly. We first define its
concrete small-step semantics, and extend them with concrete (tracing) garbage
collection. Similarly, we define the corresponding abstract semantics, and extend
them with abstract (tracing) garbage collection and abstract counting. Finally,
we discuss abstract store widening, a common optimisation to aid termination
and improve the overall performance of the abstract interpreter.

2.1 A Minimal Language AanF

Figure 2.1 defines the syntax of a higher-order language Aanp, based on the A-
calculus in A-Normal Form (ANF)! [48]. ANF is a syntactic form that restricts
operators and operands to atomic expressions ae which can be evaluated “atom-
ically”, i.e., in a single step without impacting program state. This restriction
allows for cleaner formal semantics: only let-expressions need to account for se-
quenced evaluations of other non-atomic expressions; all other expressions only
contain atomic expressions, greatly simplifying their evaluation rules.

e € Exp ::= ae AToM] f,ae € AExp :=x | n | lam

[
| f(ae) [CALL] lam € Lam = Az.e
| op(aer,aes)  [BINOP] x € Var (a set of identifiers)
| letz=ejiney [LET] op € Op (a set of operators)
| setx:=ae [SET] neN

Figure 2.1: Grammar of the minimal higher-order language AanE.

!Note that the syntactical specification for Aanr in Figure 2.1 is slightly less restrictive compared
to the conventional formulation of ANF, as we allow any other expression e (i.e., including
other let-expressions) on the right-hand side of let-expressions.
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Additionally, we extend the language with variable assignment (SET) to model
mutable references in the language. Unlike most minimal A-calculus formulations,
we also explicitly include numerical literals in our language, along with some built-
in binary operators to work with these numbers (BINOP).

We assume that every expression e (and atomic expression ae) carries a
unique label . We omit these labels for brevity, and only assume that they exist
to preserve the ability to differentiate multiple occurrences of the same expression.

In this work, we target (a subset of) R5RS Scheme [1], a dynamically typed,
higher-order language. Since any given program for this target language can
automatically be converted into an equivalent A-Normal Form (ANF) program
with mutable references, this simplification is purely cosmetic and without
loss of generality. The main R5RS feature excluded by our subset is support
for first-class continuations (through the call/cc primitive). We discuss this
limitation further in Section 6.3, where we highlight the implications of adding
support for call/cc for the abstract interpreters presented in this dissertation.

2.2 Concrete Semantics of \anr

We formally define the concrete semantics of Aanp by presenting its concrete
operational semantics. The operational semantics is defined using a small-step
interpreter, formulated as an abstract machine. In what follows, we systematically
describe the design of this abstract machine.

State Space. Figure 2.2 describes the state space X for the concrete interpreter.
A state ¢ consists of a control component (either an evaluation of expression e
under environment p, a call to a closure (lam,p) on an argument value v, or a res-
ulting value v), a store o (mapping addresses to values, to model the “heap”), a
continuation store o} (mapping continuation addresses to continuations, to model
the “stack”), the current continuation address a; (pointing to “the top of the
stack”) and a natural number n (representing the next fresh address to be alloc-
ated). In Aanf, the only values are closures (which pair a lambda expression with
its lexical environment) and numbers; the only continuations in Aang are those
arising from the evaluation of a let-expression (which consists of the variable to
which the resulting value should be bound and the next expression, environment,
and continuation address to continue the evaluation). For a concrete interpreter,
addresses (and continuation addresses) come from the infinite set N to ensure that
each allocation can be given a fresh address.
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¢ €X = {c0,0k akmn) p € Env = Var — Addr
¢ € Control ::= ev(e, p) o € Store = Addr — Val
| call(lam, p,v) oy, € KStore = KAddr — Kont
| val(v) v € Val ::= clo(lam, p) | num(n)
k € Kont ::= letk(x, e, p, ay) a € Addr=N
Il € Loc = Addr U KAddr ar € KAddr = NU {apai }

Figure 2.2: State space of the concrete interpreter for Aang.

For a state ¢, we implicitly assume subscripted notations for its components so
that ¢ = (cc, 0¢, Ok, ke, ne). For (partial) maps, [| denotes the empty map, while
m[a — b] extends m so that m[a — b](a) = b and m[a — b](z) = m(x) for x # a.

A store o supports three main operations: lookup, extend (adding a new binding
to o) and update (modifying an existing binding in o). We introduce helper
functions to handle these operations, currently defined as follows:

extend(o, a,v) = update(o, a,v) = ola +— v] lookup(o,a) = o(a)

Transition Relation. Atomic expressions can be evaluated in a single step,
without making any modifications to the store. We first introduce an auxiliary
function A : AExp x Env x Store — Val to evaluate atomic expressions:

A(z, p,0) = lookup(a, p(x)) [A-VAR]
A(lam, p,o) = clo(lam, p) [A-LAM]
A(n, p,o) = num(n) [A-NuM|

A variable is atomically evaluated by looking for its address in the environment,
and then looking up that address in the store (A-VAR). A lambda is atomically
evaluated by pairing it with the current environment into a closure value (A-
LAM). A numerical literal is atomically evaluated to a numerical value (A-NuMm).

The evaluation rules of the concrete interpreter for Aanp are given using a

small-step transition relation (—) C ¥ x 3, describing how the interpreter steps
from one state to the next one. Figure 2.3 defines the transition rules for (—).
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v = Alae, p,0)
[E-ATOM]
<ev(ae, p)v 0,0k, 4, Tl> — <val(v), 0,0k, Gk, n>
a = p(x) v=A(ae, p,o) o' = update(o, a,v)
; [E-SET]
(ev(setx := ae, p), o, 0k, ar,n) — (val(v),d’, o, ar,n)
clo(lam, p') = A(f, p, = Alae, p,
(lam, p) = A(f,p,0) v /( p,0) E-CaLL]
(ev(f(ae),p),o,o0k, ar,n) — (call(lam, p’, v), o, ok, ar,n)
a =alloc(z,s)  p' = plz a 0’1 = ?xtend(a, a,v) - App
<Call(/\$'€7 P U): 0,0k, Ak, 7’L> — (ev(e, p )a 0,0k, Q, N+ 1>
S
num(n;) = A(aei, p,0) num(ny) = A(aez, p, o)
= num(Z(op, n1,
! (Z(op,m1,m2)) [E-BINOP]
(ev(op(aer, aes), p), 0, 0k, ax,n) — (val(v), o, o, ar,n)
ar’ = allocg(e1, <) k = letk(x, ea, p, a) o), = orlar — K] L]

(ev(letx =eqines, p), o, 0k, ag,n) — (ev(ey, p), o, 0, ar’,n+ 1)

<

letk(z, e, p,a),) = ox(ay) a = alloc(z,<)
o = plr — al o' = extend(o, a,v)

— ; [E-CONTINUE]
(val(v), 0,0, ar,n) — (ev(e,p'), 0, ok, a,n+ 1)

S

Figure 2.3: Transition rules of the concrete interpreter for Aane-

Rule E-ATOM immediately evaluates an atomic expression to a resulting value
using the auxiliary function 4. Rule E-SET mutates a variable binding by updat-
ing the address of that variable in the store. Rule E-CALL evaluates a function
call by atomically evaluating the operator and operand, resulting in a call state.
Consequently, rule E-APP applies the closure to the argument of the call state by
binding the function parameter to the argument value and then stepping into the
evaluation of the function body. Rule E-BINOP evaluates a binary operator applic-
ation by atomically evaluating both operands and subsequently applying the oper-
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ator to those operand values. We assume a function 7 : Op —+ N — N — N exists
to correctly interpret such built-in operators (where e.g., Z(plus, n1,n2) = nij+ng).
Rule E-LET evaluates a let-expression by first stepping into the evaluation of its
right-hand side expression and installing a continuation so that the result of this
evaluation is later bound to the variable introduced by the let-expression before
continuing with the evaluation of its body; the latter happens in the E-CONTINUE
rule, as there is only one kind of continuation in Aanf.

In a concrete interpreter, we need a fresh (i.e., unused) address for each new
variable (or continuation) binding that is allocated in the store. Therefore, we
define the corresponding allocation functions alloc and allocy, as follows:

alloc(z,¢) = nc¢ allocg (e, <) = n¢

We write ¢, — ¢, for a sequence of n steps using (—) (i.e., when ¢, = g9 — ¢1 —
... = Gy = ). Similarly, we define (=) as the reflexive, transitive closure of (—).
Note that for a concrete interpreter, this transition relation is deterministic (i.e.,
if 0 = ¢1 and ¢p = ¢ then ¢; = ¢3), and hence (—) is a (partial) function.

Program Semantics. The concrete interpreter for Aanyp evaluates a program by
first injecting it into an initial state, and then repeatedly applying the transition
relation (—) until the final program state is reached (meaning no further applic-
ations of (—) to that state are possible). The initial state for a given program e
is constructed using a function inject, defined as:

inject(e) = (ev(e, (1) [J; [I; ana, 0)

where ap,;; is a special address which is never bound in the continuation store.
When program evaluation reaches its final value, there are no further continuations
at apaig, and hence the E-CONTINUE rule cannot be applied any further. Formally,
we can define an evaluation function eval : Exzp — Val:

eval(e) = v <= inject(e) = (val(v), _, _, apalt, -)

We define the collecting semantics of a program as the set of all program states
that are reached during the evaluation of that program. That is, we can define
a function S : Exp — P(X) as follows:
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S(e) = {sc € 2| inject(e) = ¢}

Note that computing S(e) is more general than computing eval(e), as the latter
(if it exists) is contained within some state in S(e). By computing S(e), we can
also inspect all the intermediate states that are reached during the evaluation
of e, and as such S(e) can be used to reason about the program’s behaviour
during evaluation. Furthermore, by computing a set of states, it also allows for
the modelling of non-determinism. While the transition relation (—) for our
simple Aanf language is deterministic, it could easily be extended to also include
nondeterministic language features (e.g., by including a random function or by
allowing for user input). In those cases, S(e) would include all possible executions
of the program e. Our transition relation will also be rendered nondeterministic
when we introduce the abstract semantics later on (cf. Section 2.3).

Unfortunately, when e does not terminate, or when non-determinism is con-
sidered (e.g., due to unknown user input), the set S(e) may not be computable
for a given program e, as it can contain an infinite number of states in 3.

Example. We illustrate how an expression in Aanr is evaluated using the concrete
semantics for the example program shown in Figure 2.4 (which serves as a running
example in this chapter). This program defines an identity function id and calls
this function twice, defining a function f that increments its argument by 1, a
function g that doubles its argument, and finally calls g with the argument 10.

let id = Ax.x in eqg =let id = Ax.x in ep

let f = id(Aa.plus(a,1)) in ep = let f = id(\a.plus(a, 1)) in ec
let g = id(Ab.plus(b,b)) in ec = let g = id(Ab.plus(b,b)) in ep
9(10) ep = g(10)

Figure 2.4: Program e4 (left) and the names of its subexpressions (right).

Evaluating this program using the concrete semantics (i.e., using the concrete
transition relation (—)) results in the following sequence of states:

inject(ea) = <o = (ev(ea, []), [], [], ahar, 0)
— ¢ = (ev(\z.x,[]), [}, 07,0,1) [E-LET]
— ¢ = (val(vig), [], 07,0, 1) [E-ATOM]
— 3 = (ev(en, p1), 0", 04, Ahalt, 2) [E-CONTINUE]
— ¢ = (ev(id(\a.plus(a, 1)), p1),0t, 02,2, 3) [E-LET]
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— 5 = (call(\a.z, [|,vp), 0, 02,2, 3) [E-CALL]
— 6 = (ev(x, [z 3]),0%, 0%,2,4) [E-APP]
— o7 = (val(vy), 0%, 07,2,4) [E-ATOM]|
— & = (ev(ec, p2), 0>, 0%, apait, B [E-CONTINUE]
— g9 = (ev(id(A\b.plus(b, b)), p2), 0>, 03, 5, 6) [E-LET]
— 10 = {call(\z.z, [|,v,), 0%, 0}, 5, 6) [E-CALL]
— <11 = (ev(z, [x — 6]),0%,03,5,7) [E-ApP]
— 12 = (val(v,), 0o, 03, 5,7) [E-ATOM]
— ¢13 = (ev (CD,pg) 05,03, apait, 8) [E-CONTINUE]
— 614 = (call(Ab.plus(b, b), pg,num(l())) 0%, 0%, apai,8)  [E-CALL]
— 15 = (ev(plus(b,b), ps), 0%, o3, anar, 9) [E-APP]
— ¢16 = (val(num(20)), 6%, o3, apar, 9) [E-BiNoOP]
where p; = [id — 1] vig = clo(Azx.z,[])
=lid — 1, f — 4] vy = clo(Aa.plus(a, 1), p1)
=lid—1,f—4,9g—7T vg = clo(Ab.plus(b,b), p2)
=lid—1f—4,b— 8]
ko = letk(id, ep, [], analt) op = [0 — ko)
k1 = letk(f, ec, p1,analt) 0f = op[2 > k1]
ko = letk(g, ep, p2, Ghalt) 03 = 2[5 — ko)
ol =[1 = vy ot = (6 +— v
o? =o' (3 vy o® = o7+ v,
0% = o?[4 > vy] 0% = 0°[8 » num(10)]

The final state ¢ holds the resulting value of the program, i.e., eval(eq) =
num(20). The collecting semantics for this program, which is equal to the set of
all states reached during its evaluation, is S(e4) = {c;}18,

2.2.1 Concrete Garbage Collection

We now add a garbage collector to this concrete interpreter. While garbage
collection does not impact the results of a concrete interpreter, it is useful to
reduce the sizes of the stores o¢ and oy that need to be stored in every state ¢
(therefore reducing the memory required to compute S(e)). The garbage collector
considered here is called a tracing garbage collector, in the sense that it traverses
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the entire store to keep all bindings that are still transitively reachable from some
given root set of addresses [11, 78]. This root set, for a given state ¢, consists of
all addresses that are directly reachable and necessary to continue evaluation for .

We employ notation and definitions similar to those used by Might and
Shivers [106]. First, we define a family of auxiliary functions 7x : X — P(Loc)
that return all addresses that are referenced directly from a given X.

Ts({c, 0,0k, ar,n)) = Tcontrol(¢) U{ar}  Tcontrol(€V(e, p)) = Tenv(p)
Tcontrol(call(lam, p,v)) = Teay(p) U Tval(v) Tcontrol(val(v)) = Tvai(v)
Tval(clo(lam, p)) = Tenv(p) Tvai(num(n)) = 0
Tront(letk(z, e, p, ax)) = Teav(p) U {ar} Tenv(p) = range(p)

Next, we introduce the adjacency relation between addresses, (~.) C Loc x Loc.
Intuitively, [ ~. I’ means that there is a reference from address [ to I’, because
the value (or continuation) stored in the store (or continuation store) at location [
directly refers to location " according to Tva (or Tkont). We define the adjacency
relation (~) and the auxiliary adjacency relations (v ) and (~g, ):

() = (Wag) U (Wakg)

a ~y | <= 1 € Tyal(lookup(o,a)) ag ~o, | <= 1 € Tront(0k(ak))

The auxiliary function R ..y : P(Loc) — P(Loc) computes all addresses transit-
ively reachable from a given root set using a transition relation (~):

Ry (roots) = Ifp(f) where f(S)=roots U {I'eLoc|3I e S:1~1}

The first step of the tracing garbage collector is to determine all (transitively)
reachable addresses, which could still be needed, from a given state ¢. The function
R : ¥ — P(Loc) computes all reachable addresses of a state:

R(s) = Ry (T=(s))

The next step is then to restrict the stores o and oy to only contain the addresses
in R(s). Therefore, the function I' : ¥ — ¥ applies garbage collection to a state
by restricting the domain of the store and the continuation store to R(s).
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F(C) = <C§7 U§|73(§)7 Uk§|’R(g)7 A, ng)

where f|x(z) = f(x) for x € X and f|x(z) is undefined for z ¢ X.

In principle, the abstract machine can apply garbage collection at any ar-
bitrary point throughout the evaluation. To keep the transition relation
simple and deterministic, we can choose to apply garbage collection after every
evaluation step. That is, we can define a new transition relation (—r) as:

(=r)=To(=)

This means that (—) first takes an evaluation step, followed by a garbage collec-
tion. This “GC at every step” strategy makes the interpreter garbage-free: during
evaluation, for every state ¢, we have that R(s) = dom(o) U dom(oy.). For a
concrete interpreter, this property does not impact the result of the evaluation.
Theorem 1 states this formally: for a given state ¢, taking n transition steps using
(—r) leads to the same state, modulo GC, as taking n transition steps using (—).

Theorem 1 If o 1 <1 and ¢9 — 2, then ¢ = I'(s2).

Proof. This follows directly from Theorem 6.10 of [106]: both (—) and (—r) are
subsets of the non-deterministic transition relation (=) (defined in [106]). Hence,
I'(¢1) = I'(s2) and by Lemma 6.8 of [106] and the definition of (—r), I'(s1) = <1,
so that ¢; = I'(c2). Proofs of Theorem 6.10 and Lemma 6.8 in [106] are given for
a simple CPS-language, but can be repeated mutatis mutandis for Aane. O

Example. We revisit the running example of Figure 2.4, this time using the con-
crete semantics with garbage collection (i.e., using the transition relation (—r)).
Theorem 1 guarantees that this results in the same sequence of states as the
evaluation using (—), except that each state g; is replaced by ¢ = I'(g;).

inject(eA) = COF = <ev(eA7 [])7 H? []7 Qhalt, 0>

—r 6 = (ev(z, [z 3]),[1 — vig,3 = vy], 2+ k1] ,2,4) [E-APP]

—r g = (val(vy), [L= via] , 2 k1] ,2,4) [E-ATOM]

—r ¢lg = (val(num(20)), [, [ , ahar, 9) [E-BINOP]
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where v;q, vy and k1 are as defined before.

This example highlights two places where garbage collection reduces the size
of the value store and the continuation store. First, the continuation store in gg
and g? no longer contains the old, unreachable continuation kg (in fact, when
using —r each continuation is directly collected after it has been applied by the
E-CONTINUE rule). Second, the value store in ¢f no longer contains the binding
for the parameter x, as its address is no longer reachable from the current state
(ie., Ts(s7) = {1,2} and R(s7) = {1,2,apa}). For the final state ¢fg, both the
value store and the continuation store are empty (as R(s16) = {@nalt})-

2.3 Abstract Semantics of \ane

To reason about all possible run-time behaviours of a given program e, ideally an
analysis would compute the set S(e) of all program states that are reachable during
the execution of e. However, S(e) may be infinite for a program that does not
terminate, or for a program where nondeterminism introduces an infinite number
of possible execution paths. Therefore, such an analysis would be undecidable.

Rice’s theorem [134] confirms that it is impossible to build a decidable analysis
for any non-trivial property about a program’s run-time behaviour, as captured
by S(e). The solution is to approximate (i.e., abstract) the behaviour of the
program under analysis by interpreting it using the abstract language semantics.
This approximation can be done in such a way that the resulting abstract inter-
preter [33] always terminates, resulting in a decidable analysis (i.e., an analysis
that terminates for any given program). In general, the abstract language se-
mantics aggregates a possibly infinite number of (possibly infinite) behaviours of
a given program into a finite model capturing all its possible behaviours.

The cost of this approximation is a loss of precision. Whereas a concrete
interpreter computes the exact behaviour of a given program?, an abstract
interpreter may be imprecise in two ways: either it includes behaviours (and
results) which can never be encountered in any execution of the program (i.e.,
false positives) or it misses behaviours that can be encountered during some
execution of the program (i.e., false negatives). The former arises from the
abstract interpreter over-approxrimating its concrete counterpart, whereas the
latter is a result of under-approximation. We can design the abstract interpreter
to only over-approximate the behaviour of a concrete interpreter, guaranteeing
that it never misses any behaviour that could be observed during a concrete
execution of the program. In this case, the only imprecision comes from false

20r multiple behaviours if the program contains nondeterminism.
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positives. The resulting analysis is called sound®. In practice, soundness is a
necessity for the analysis to prove important program properties, such as the
absence of bugs (since the absence of bugs in the over-approximated program
behaviour guarantees the absence of bugs for any real execution of that program).

Specifically, we follow the Abstracting Abstract Machines (AAM) ap-
proach [168, 105] to systematically derive an “abstract” version of the “concrete”
abstract machine of Section 2.2. The key idea of AAM is that we render the state
space X explored by the abstract interpreter finite so that S(e) — a subset of ¥ —
is always guaranteed to be a finite (and thus computable) set for any program e.
We describe the design of such an “abstract” abstract machine for Aang?.

State Space. The main issue with the concrete interpreter in Section 2.2 is that
the state space X is infinite, and hence the set S(e) is not always computable for
any program e. To solve this issue, the AAM approach limits the infinite sets Addr
and KAddr of the concrete interpreter to finite sets Addr and KAddr respectively.
One can easily verify that this suffices to keep the state space finite. Figure 2.5
shows the definition® for this abstract state space 3.

ceS = (8,6,64 ar) # € Val = Clo x Num
¢ € Control ::= evie,p, t) feClo= P(Lam x Env)
‘ Call<1am7 167@7 i\) n e m L= J_N/\ | num
um
| val(0)

_ _ [ € Loc = Addr U KAddr
ﬁ E EnV — VaI“ — Addl’ — .

o a € Addr (a finite set)
& € Store = Addr — Val o _
_ ax € KAddr (a finite set)
61 € KStore = KAddr — Kont o
t € Time (a finite set)

i € Kont = P( VaerprE/n\vx'ﬁm\e xmr)

3The opposite property, completeness, would imply an absence of false positives. However, we
know that an analysis cannot be sound and complete at the same time due to Rice’s theorem.

4Whenever we extend or modify a previous definition, important changes relative to the previous
definition are highlighted in grey .

5By convention, hats are used to differentiate concrete components (e.g., X) from their abstract
counterparts (e.g., 32).
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Figure 2.5: State space of the abstract interpreter for Aang-

Limiting Addr and KAddr to finite sets has several implications.

First, since addresses are now drawn from finite sets, different addresses in the
concrete interpreter can now correspond to only a single address in the abstract in-
terpreter. Therefore, multiple values (and continuations) are sometimes allocated
at the same address in & (and 6%). To soundly over-approximate the behaviour
of the concrete interpreter, values (and continuations) stored at the same address
need to be joined together in such a way that the resulting abstract value at that
address over-approximates all of the joined values. Therefore, a single abstract
value now needs to represent multiple concrete values, and as such is defined as a
product of a set of abstract closures (each possibly representing multiple concrete
closures) and some abstraction representing a set of numbers. Since there is still
an infinite number of sets of numbers, we currently either abstract numbers us-
ing L g~ (meaning this abstract value does not represent any number) or num
(meaning this abstract value can represent any number); we revisit more inter-
esting abstractions in Section 2.3.1. Similarly, the continuation store now maps
to a set of abstract continuations, so that multiple continuations allocated at the
same address can easily be joined together by taking the union of both sets.

In general, a join operator LI can then be defined for values and continuations:

(f1, 1) U (fo, o) = (f1 U fo, Ay Ufg) R1URg = R1 URg

where we currently define the join operator for Num as follows:

Ll— iffhy=fg= 1 —
ﬁl L 7¢L2 — Num ) Num
num otherwise

That is, when one of both abstract numbers can represent any number (num),
the result of their join must by over-approximation also represent any number.
We join different values at the same address using set unions for their respect-
ive sets of abstract closures and using the join operator for Num for abstract
numbers. When no closures are stored at an address, the corresponding set of
closures for the abstract value at that address is empty (and similarly, Lo, is
used when no numbers are stored at that address). Similar to how Lo, repres-
ents an empty set of numbers, we can explicitly introduce a bottom wvalue J_\7a\|
(and bottom continuation J‘K/oFc) to represent an “empty” value (and continu-
ation). That is, the abstract value 15 does not over-approximate any concrete
closures or numbers.
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J_\//;I = (0, Lm) =10

_—
Kont

The initial store L~ (and continuation store | —— ) contains no values (or
Store KStore

continuations) for every address. Therefore, they are defined as follows:

—

Store(&) = J_\7;:I J‘@e(dk) = J_K/oFt

Whenever we extend the store with a new binding (e.g., upon a new allocation),
the new value needs to be joined with the existing value at that address. Similarly,
we need to perform such a join when updating a binding (e.g., upon mutating
a reference). The reason we are not allowed to just overwrite the value and
instead need to perform such a weak update is that a single abstract address
may over-approximate multiple corresponding concrete addresses. An update
would overwrite only a single concrete address, so to preserve soundness a join is
necessary to avoid potentially overwriting the abstracted values of other concrete
addresses. The abstract helper functions extend and Lme are defined as follows:

—_—

extend(6,a,0) = update(d,a,v) = dla — o(a) o |

Analogously, we define a helper function ext/erk for the continuation store.

o —

extendk(ﬁk,dk,/%) = a’k[&k — a’k(&k) U~k ]

The definition of Im remains identical to that of its concrete counterpart:

—

lookup(6,a) = é(a)

The second consideration of using only a finite set of addresses is deciding when
addresses need to be reused. This is done through the allocation functions alloc
and aﬂgck. Unlike their concrete counterparts, these functions are no longer in-
jective; that is, they can return the same address for different allocations (which
is necessary when using a finite set of addresses for a potentially infinite num-
ber of allocations). To allow for interesting implementations of these allocation
functions, evaluation states now also include a timestamp t € Time. Intuitively,
Time represents some contextual information that can be included when alloc-
ating addresses. We then often choose Addr = KAddr = Exp x m, so that
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different allocations at the same program location (identified using Exp) can be
differentiated using some context (identified using Time). Using these definitions
for Addr and KAddr, we can implement the allocation functions as follows®:

alloc(z, ) = (z, %) allocy,(e, ) = (e, ?)

The choice of Time is arbitrary as long as it is a finite set, ensuring that the state
space S also remains finite. A function tick : Exp x Time — Time should be
provided to update the timestamp throughout the evaluation”
common implementation is the following (for some k& > 0):

. For instance, a

Time = Exp=F tick(e, ) = [e : &)

where |s]j takes the first k£ elements of a sequence s.

This results in a k-CFA style allocation policy [146], where the context corresponds
to the last k call sites. Higher values of k therefore lead to richer contexts and
larger sets for Addr and KAddr. On the one hand, this positively impacts analysis
precision, as potentially fewer addresses need to be reused. On the other hand, it
may negatively impact analysis performance, as this also increases the size of the
abstract state space 3 that needs to be explored by the abstract interpreter.

In general, any choice of Time and tick yields a sound and decidable analysis
(as long as Time is a finite set). As such, it is usually left open as a parameter to
configure analysis precision and performance, as it controls how often (as determ-
ined by the choice of 'ﬁm\e) and when (as determined by tTC\k) addresses need to be
reused [168]. This choice determines the context sensitivity or polyvariance [55]
of the abstract interpreter. In the special case where no context is used (i.e.,
when using k£ = 0 in a k-CFA allocation policy), the abstract interpreter (and the
corresponding analysis) is considered contert-insensitive.

—

Transition Relation. The atomic evaluation function A : AExp x Env x Store —
Val now evaluates atomic expressions to an abstract value. The only changes
compared to the definition of A are due to the representation of abstract values.

SNote that the signatures of these functions have been modified compared to their concrete
counterparts: they now expect a timestamp ¢ instead of a state ¢ as their second argument.

"We assume that the timestamp only needs to be updated when stepping into a function, passing
the operator f and the current timestamp f as arguments. This signature can trivially be
generalised to include other contextual arguments for more advanced implementations.
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Az, p, &) = lookup(d, p(x)) [A-VAR]
A(lam, p,6) = ({(lam, p)}, L) [A-LAM]
A(n, p,6) = (0, num) [A-Num]|

Figure 2.6 shows the abstract transition relation (=) for Aanf.

Unlike in the concrete interpreter for Aang, in the abstract interpreter (=)
is no longer deterministic, as it needs to over-approximate all possible program
behaviours to obtain a sound analysis. For instance, since a single abstract value
can represent multiple closures, rule E-CALL can now apply any of all the closures
represented by that value, generating multiple successor states. Similarly, rule E-
CONTINUE needs to take all possible continuations it can return to into account.

Another difference compared to (—) is that the time component is passed
throughout the evaluation and updated when entering a function body (in rule
E-CALL). As previously mentioned, this timestamp is then used by the allocation
functions whenever a new binding needs to be added to the store.®

The abstract function Z needs to be adapted to correctly interpret operations
for abstract numerical values. Since numbers are currently represented as either
num (representing any number) or L — (representing no number), we can just

define 7 : Op — Num — Num — Num as follows for any op € Op:

A o num if 717 = iy = num
I(OpvnlvnQ): .
1~ otherwise
Num

That is, any operation involving two numbers is defined to yield another number
(and Lo if either argument is not a number). More interesting definitions of Z
are required when using other numerical abstract domains (cf. Section 2.3.1).

~

0 = Alae, p,6)

[E-ATOM]|

8Note that we are not threading the time component throughout evaluation steps, but rather
scope it to a function body. This usually corresponds to more natural formulations of context
sensitivity compared to the threaded style found in the original AAM formulation [105]. E.g.,
when using call sites as contexts, this follows the formulation of m-CFA [109, 53] (the call
sites of the m topmost stack frames) rather than that of k-CFA (those of the last k calls).
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a=plx @z/lae,ﬂ& 6':u/d;e&,&,@
plx) A( p,0) pdate( ) (B-Ser]
<ev(set:p = ae, p, t )76’&kadk> = <Val(@)76-/76-k7&k>
(f,) = A(f,p,6) 0= Alae, p,6)
(lam,p) e f ¥ =tick(f,1)
- - [E-CALL]
<ev(f(ae),ﬁ, t)aa-aa-kadk> = (call(]am,[)',f}, tl )a&a6k’&k>
a = alloc(x, £ ¥ = plzrs a6 = extend(d,a, 0
@)y 3, 60)
(call(A\z.e, p, D, t),6,6k, ar) = (ev(e,p, t),6", 6k, ax)

- [E-BINOP|
<eV(0p(ael, a€2), Av t )70-76-197 ak’> — <Val(ﬁ)7 ag, Uk’7ak>
CALZ, = aﬂack(el, tA)
i={ (z,e0,p, &, ax) } &) = extendy, (&, g, A)
[E-LET]

(ev(letz=erines, p, t),6,6%, a1) = (ev(er, p, t),8,6},d))

(:Caevﬁa fad;f) € 6k(dk) a= aIIoc(x, t)
) = plx > a 6 = extend(6,a, D)

[E-CONTINUE]

Figure 2.6: Transition rules of the abstract interpreter for Aanr.

Program Semantics. To evaluate a program using the abstract abstract ma-
chine, we again first construct the initial state, now using the abstract injection
function inject. The only difference with its concrete counterpart is that the initial

store (resp. continuation store) is Lo~ (resp. L o ) instead of being enEt\y.

We assume that dpapt is a special address reserved in the set mr, and ty € Time
is the initial timestamp (e.g., the empty sequence [| when Time = Exp").

o — ~

inject(e) = (ev(e, [], 0 ), Leme » Loioe + Gnalt)
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To define an abstract version of the eval function, we have to take the nondetermin-
ism of the transition relation (=) into account. Therefore, we must join the result-
ing values for every possible execution path explored by the abstract interpreter:

eval(e) = |L {@ | inject(c) = (val(d), . -, Anaus)}

We define the abstract collecting semantics of a program using a function S
Exp — P(X), which computes all states reachable from the initial state of the

*
program using the abstract transition relation (=) (with transitive closure (=)).

S(e) = (¢ € $ | inject(e) = &)

As the state space 3 of the abstract interpreter is finite, the important difference
with the concrete collecting semantics is that S (e) C 3 is also finite and therefore
always computable for any given program e. Due to the over-approximating
nature of (=), this set is an over-approximation of the reachable states for all
possible executions of the program. Therefore, we can reason about the behaviour
of e by reasoning about S (e) to obtain a sound and decidable program analysis.
The cost of doing so is the precision loss resulting from the over-approximation
(i.e., false positives due to states in S (e) that represent behaviours not possible
in any concrete execution of the program — i.e., with no counterpart in S(e)).

2.3.1 Abstract Domains

The numerical abstraction provided by Num ensures that the state space 3 re-
mains finite, but is otherwise too imprecise to provide much interesting informa-
tion about the program’s numerical data flow. However, other non-finite abstrac-
tions are also possible under certain conditions.

First, any such abstract domain D (both for Num as well as the overall abstract
domain @) should form a join-semilattice: it should have a partial order (C),
a least element (L) and a join operator (LJ). Intuitively, d; C dy implies that
dy is a less (or equally) precise approximation compared to dj, in the sense that
dy also over-approximates everything over-approximated by d; (i.e., dy subsumes
dy). The least element L is subsumed by all other elements: Vd € D : 1L C d.
The join operator (U) : D — D — D should merge two lattice elements into their
least upper bound, so that d; Uds is the smallest element which over-approximates
both di and ds (i.e., Vdi,ds € D :dy C dyUds A do C dy Uds, and no smaller
element that subsumes both d; and ds exists). Some abstract domains also have a
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greatest element T (referred to as top), so that Vd € D : d C T (i.e., T is the least
precise element). When working with lattices, we assume that the definitions of
(L)x, (U)x, (E)x and (T)x for a type X? are lifted to functions, sets and tuples:

Lpay =0 Lasgla)=Lp

51 Up(ay 52 = 51U 82 (fUass g)(a) = f(a) Up g(a)

51 Ep(a) s2 <= 51 C 52 fCaspg < Va: f(a) Ep g(a)
Ty = A Taspla)=Tp

Laxp = (L4, L)
(a1, b1) Uaxp (az, b2) = (a1 Ua az, by U b)
(a1, b1) Caxp (az, b2) <= a1 Caaz Aby Cp by
Taxe = (Ta, TB)

Note that not only N/UE, but also the overall abstract domain Val forms a lat-
tice (because Clo is a powerset lattice, and because Val itself is a tuple lattice).
Similarly, Kont (a powerset) and both Store and KStore (functions) form lattices.

Second, for the abstract interpreters considered so far (where stores only grow
monotonically through joins), the abstract domain does not have to be finite:
it suffices to adhere to the ascending chain condition (ACC). This condition
states that every weakly ascending sequence of lattice values (i.e., a sequence
dy C dy T ds C ...) eventually converges to a stable lattice value (i.e., for every
such sequence there exists some n so that d, = dp41 = dpy2 = ...)10. The
ascending chain condition is important to guarantee termination for the abstract
interpreter. That is, when using an infinite abstract domain VAaI, both Store and
therefore also the overall state space ¥ become infinite. However, when Val adheres
to the ascending chain condition, we can still ensure that S (e) remains finite for
every program e, as for every transition ¢ = ¢’, we have that 6: C 6« (since the

—

store can only change using extend or Lme, both of which perform a join in the
*

store). Therefore, when taking a sequence of steps using (=), the ascending chain
condition ensures that the store eventually converges, which in turn ensures that
S(e) remains finite. As we discuss in Sections 2.3.2 and 2.3.3, the ACC no longer
suffices once abstract GC or abstract counting is introduced; we refer to Table 6.1
in Chapter 6 for an overview of the requirements on the abstract domain for each
abstract interpreter considered in this dissertation.

9In what follows, we omit the subscript for X when the type can be inferred from the context.
ONote that every finite domain trivially satisfies the ascending chain condition.
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Third, the abstract domain and its abstract operations need to correctly over-
approximate the concrete domain and its concrete operations. Formally, for an
abstract domain A and a concrete domain C, we assume a Galois connection
between (A,C) and (P(C), C) (written as (P(C), Q) % (A,0)).1' It includes
two monotone functions « : P(C) — A and v : A — P(C), which define the map-
ping between the concrete and abstract domain. The abstraction function « over-
approximates a set of concrete elements using an element from the abstract do-
main; inversely, the concretisation function « returns the set of concrete elements
approximated by a given abstract value. By definition, for a Galois connection
we require that Ve € P(C) : ¢ C y(a(c)) and that Va € A : a(y(a)) C a.'? The
first conjunct ensures that a(c) is a sound over-approximation of ¢ (possibly losing
precision, as y(a(c)) may be a strict superset of ¢). The second conjunct (together
with the monotonicity requirement for «) ensures that a(c) is the most precise
abstract element that over-approximates c¢.!> For operations on the abstract do-
main, we require that they soundly over-approximate their concrete counterpart.
In the case of a numerical abstract domain Num (and a corresponding Galois
connection (P(N), C) % (W, C o)), we require that:

Yop, Ay, R : Yy € () : Vg € y(Rg) : Z(op,n1,na) € v(Z(op, i, fio))

This property states that for every operation, the result of an abstract inter-
pretation of that operation (on the corresponding abstracted arguments) over-
approximates the result of a concrete interpretation of that operation. This re-
quirement ensures that 7 preserves the soundness of the abstract interpreter.

In addition, values should be abstracted soundly: whenever the abstract
interpreter represents a set of concrete values ¢ using an abstract value a, we
require that ¢ C 7(a). For a numerical abstract domain N/IR, we therefore
require that a literal number n is evaluated (in rule A-NUM) to an abstract
value 7 € Num such that n € ~(n) (the most precise abstraction being a({n})).

Choosing an appropriate abstract domain usually requires a balancing act
between the precision and the performance (i.e., complexity) of the abstract

1We could weaken this assumption, as our analyses do not make use of .. Therefore, strictly
speaking, a Galois connection is not required, and we only need an abstract domain with
a monotone concretisation function v (as in [34]). This relaxation would admit abstract
domains where no most precise over-approximation exists (e.g., polyhedra domains [36]).

12Usually, the defining requirement of a Galois connection is given more succinctly with the
following (equivalent) property: Ya € A,Vc € P(C) : a(c) C a <= ¢ C v(a).

31n fact, for a static analysis, we usually even have a Galois insertion, a special case of a Galois
connection where Va € A : a(y(a)) = a, written as (P(C), Q) % (A,C). This occurs in
Galois connections where « is surjective (or, equivalently, where ~ is injective).
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interpreter. A larger abstract domain can in general offer increased precision:
more abstract values can represent different sets of concrete values, potentially
allowing for a more specific (i.e., less over-approximating) abstraction for a given
concrete value. However, this can come at a cost of performance: a larger domain
Val leads to a larger state space T to explore; in particular, the lattice “height”
may determine how quickly values converge after successive updates in the store.

Constant Propagation Domain. A simple yet practical abstraction for a con-
crete domain C' is a constant propagation domain (denoted as CP¢). A constant
propagation domain preserves full precision for abstract values that represent a
single known (i.e., constant) value from the concrete domain C, and does not
preserve any precision when they do not represent a known constant. Form-
ally, we can define a lattice for CP¢ and a corresponding Galois connection
(P(C),9) = (CPc.0).

) if 91 = J—CPC
: N 01 if 92 = Lcp
c € C (a concrete domain) Oy Uy =4 e
1 if 91 = 09

v € CPe := Lcp
N Tcp, otherwise

| cst(c)

| Tepe Vee C: Lep, Ccst(c) T Tep,

lep, if S= 0 0 if 9 = Lcp,
a(S) = CSt(C) if S = {C} ’7(0) = {C} if v = CSt(C)

Tcp. otherwise C  otherwise

For instance, we can use CPpyymn for the abstract numerical domain Num. The
abstract interpretation function Z can then be defined soundly as follows:

J_C:PNum if ﬁl = J_C]-)Num \/ ’ﬁ'2 = J_CPNum

Z(op,n1,72) = < est(Z(op,n1,n2)) if A = cst(ng) A g = cst(ng)

TcPym otherwise

Numbers can be abstracted precisely, i.e., rule A-NuM is adapted as follows:
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A(n,p,6) = (0, a({n}) ) = (0, est(n) ) [A-Num]

Figure 2.7 shows the constant propagation lattice CPy,m more concisely using a
Hasse diagram, which depicts all lattice elements and the subsumption relation
between them. An upward edge from x to y implies that x T y** (consequently, we
lose precision when “going up” in the diagram by increasing over-approximation).

TCPNum

cst(—1) cst(0) cst(1)

LcPyum

Figure 2.7: Hasse diagram of the constant propagation lattice CPyym.

Note that the constant propagation lattice CPnym has an infinite number of
elements (because the lattice has an infinite “width”), but adheres to the ascending
chain condition (because the lattice has a finite “height”).

Example. We illustrate how the program ey (Figure 2.4) is evaluated using the
abstract semantics (i.e., using the transition relation (<)) with CPyym as the ab-
stract numerical domain. The interpreter uses no context sensitivity, and therefore
Time = {e}. We write @x for the address of a variable z, i.e., @z = aﬂgc(x, €) =
(z,€); analogously, for every expression let x = ej in e, the continuation ad-

dress is allocated at @,z = allocy(e1,€) = (e1,€). Finally, [a1 > 01, ..., a4n — O]
denotes the store Lo~ a1 — 1]...[an — D] (so that [] denotes J_St ~), and

analogously for continuation stores. The state exploration is shown below:

inject(ca) = ¢ = (ev(ea, [l ). 1, [, anat)
=& = (ev(\x., [, €), [], 61, @rid) [E-LET]
= & = (val(dyq), [], 61, @4 id) [E-ATOM]
= & = (ev(ep, pid, €), 6", 04, Gnalt) [E-CONTINUE]
= & = (ev(id(Ma.plus(a, 1)), pia, €), 6", 6%, 0 f) [E-LET]

MWe define a strict (non-reflexive) version of C as di C d2 <= di C da Adi # da.
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= (call(\w.z, [], 0, €), 6", 6%, @1 f) [E-CALL]
o o (ov(o.pur ) 57,0, 00 [B-ApP)
= & = (val(dy), 62, 6%, @1 f) [E-ATOM]
6 (ev(ec, pid.f,€),6°, Gr, Qhal) [E-CONTINUE]
= & = (ev(id(Ab.plus(b,b)), pia s, €),6°, 67, Qrg)  [E-LET]
= &o = (call(\z.z, [], 9y, €), 57, 63, @rg) [E-CALL]
= &y = (ev(a, pu, €), 6%, 63, 0rg) [E-APP]
= &p = (val(dy U dy), 64,63, @rg) [E-ATOM]
= S13 = (ev(ep, Pid.f,9 €), 65,63, Gnalt) [E-CONTINUE]
SER=XSY! 13 = <y [E-CALL]
= <15 = s [E-APP]
= i = < [E-BINOP]
where {4 = (call(Ab.plus(b,b), pia f,vm, €),67,63, anait)
Si5 = (ev(plus(b, ), pid,f.b, €), &% o-k;aahalt>
16 = (val(da), 6,63, Gnalt)
$1a = (call(Aa.plus(a, 1), piq, D10, €),6°, 63, Ahalt)
615 (ev(plus(a, 1), pid’a,e),&7,og,aha|t>
g = (val(d11),67, 63, Gnalt)

Parn = [T1 > QT, ..., Ty > QT

bia = ({(Az.z,[])}, LoPym) = ({(Aa.plus(a,1), pia) }; LcPyym)
on = (0, cst(n)) by = ({(Ab.plus(b,b), pid,f)} LCPyum)
ko = {(id,ep, [], € anai)} 61 = [@nid — Fo)

k1 ={(f.ec, P € aha)} G = OR[Quf = &1

fo = {(g,€D, Pid.f+€ Gnalt)}  Gp = 62[Ckg > ko]

o1 = [@id — ;4] 6° = ¢*eg — 0y Uy,

6% = 6'[ex s ] 59 = 6°[@b > 1)

&% = 62ef — oy 67 = 65[@a > 1]

& = 5[ex v bp U D]

Compared to the concrete interpretation of e4 (Section 2.2), the abstract inter-

preter loses precision in the transition g = <i1.

This precision loss is due to

the reuse of the same address @x for the second call to id, causing the abstract

36



2.3. ABSTRACT SEMANTICS OF Aanr

interpreter to join the values 9; and 0, at that address (i.e., @ gets bound to
07 U 0g). As this imprecise abstract value propagates to the binding of g, the ab-
stract interpreter at state {;3 consequently does not know whether function value
¥ or 9y is called. To soundly over-approximate all possible execution behaviours,
the abstract interpreter considers both options, and therefore branches (as per
the E-CALL rule) into two successor states <14 and ¢j,. The second branch corres-
ponds to a spurious path, as it does not occur in a real execution of the program
(which also harms the performance of the abstract interpreter, as time is wasted on
the exploration of such spurious paths). Since both branches reach a final state,
the result of the abstract interpretation is e/vzl(eA) = 11 U b = (0, Tepy,,)
which over-approximates the concrete result eval(e4) = num(20). The abstract
collecting semantics for this program is S(ea) = {315, U {¢l4,¢l5,¢l6 )

2.3.2 Abstract Garbage Collection

Just as in the concrete interpreter (Section 2.2.1), one can perform garbage collec-
tion in the abstract interpreter (known as abstract garbage collection) by removing
all addresses from &¢ and 0y, that are no longer reachable from <.

We adapt the definitions of the auxiliary functions Tx to take into account the
new representation of values and continuations. The addresses reachable from an
abstract value (resp. continuation) are the union of all addresses reachable by all
closures (resp. all continuation frames) it over-approximates.

%((év 63 a-/%&k)) = ,?:Cat\rol(é) U {&k}
T (ev(e, p, 1) = T, (p)
Teamm(call(lam, p,0,1)) = T (5) U T ()
T (vVal(9)) = T (0)
£~ (p) = range(p)
Ty ((f,0) = T (f)
T(H=" U T=
(lam,p) € f
Tm@® =" U T () Ufa)
(z,e,p,t,a1) € K

The definitions of (<5¢), R and I' remain essentially unchanged.
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ol = leT (Iookup(&,&)) ap s, | == 1T~ (6x(az))

~

R (=) (roots) = Ifp(f) where [(S) = roots U {(I'eloc|Fes: =1}
(S0 = (F5)U(S, ) R = Rz (Ta(©)

Ore

F(i\) = <cfv 6—5’ﬁ(5)a 6k€|ﬁ(€)a &k5>

where 6|x(a) = 6(a) for @ € X and &6(a) = L for @ ¢ X. Analogously, we
define 6k|X(ak) = Uk(ak) for a; € X and O'k|X(CLk) J_/O‘Ft for ay ¢ X.

We define the new transition relation (=5) as a composition of [ and (3):

(5p)=To ()

Applying garbage collection at every evaluation step ensures that we end up with
a garbage-free abstract interpreter, as no garbage survives in any state produced
by (—>A) for each evaluation step. More formally, we define S : 3 — 77(Loc)7 S0)

that S(¢ $) is the set of addresses bound in the stores of ¢, as follows:

S(¢) = {a € Addr| &:(a) # Ly} U {ar, € KAddr | 6xc(ar,) # L

Kont

For a garbage-free abstract interpreter, garbage collection should collect all ad-
dresses [ ¢ R(<), so that S(¢) C R(<). Intuitively, this implies that the garbage
collection never misses any garbage, only keeping non-garbage bindings (i.e.,
reachable bindings which may still be needed later on) in the store at all times.

Definition 1 (Garbage-free) A state ¢ is garbage-free iff S(¢) C R(<).

A transition relation (=) is garbage-free iff for every garbage-free state <

where $ = <, ' is garbage-free. That is, iff (=) preserves garbage-freeness.

Corollary 1 V¢ e 3 : f‘(é) is a garbage-free state.

Proof. Note that R(I'(¢)) = R(<), since garbage collection by definition preserves
all reachable bindings. Since [ restricts the store & (and continuation store 6y)
to the set of reachable bindings R(<), it is clear from the definition of S that
S(T'(¢)) € R(¢), and therefore S(I'(Q)) € R(I'(S)) (i.e., ['(¢) is garbage-free). [
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Corollary 2 A state ¢ is garbage-free < T'(¢) =¢.

Proof.
o (= ): Note that |a|p = 7|4 if A C B, and that ¢

S0 = f’g y definition

of S (analogous for Oke). Since ¢ is garbage-free, S(¢) € R(S). It follows

that 65‘@(6) = 6¢|§(Q R = 6¢|§(§) = Ge. By similar reasoning for 64 and
by the definition of I'; we have that I'($) = <.

e («<=): By Corollary 1, f(ﬁ) is a garbage-free state, and since f(f) =<, it
directly follows that ¢ is also garbage-free.

g

Theorem 2 (S3) is garbage-free.

Proof. (/—\>f) is trivially garbage-free by construction: it applies [ to the state
produced by (=), which by Corollary 1 always results in a garbage-free state. [

The dual property of garbage-freeness is GC soundness. In terms of ab-
stract GC, soundness means that addresses that are reachable are not removed
from the store [106]. That is, garbage collection should collect only unreachable
addresses [ ¢ R(<), so that R(¢) C 8(¢). Intuitively, this implies that the garbage
collection is safe, and never removes a binding that is still needed.

Definition 2 (GC Soundness) A state ¢ is GC sound iff R(<) € 8(¢).
A transition relation (=) is GC sound iff for every GC sound state < where
¢, ¢ is GC sound. That is, iff (=) preserves GC soundness.

Theorem 3 (=g) is GC sound.

Proof. A simple case analysis reveals that (=) is GC sound. The GC function r
is also GC sound by construction, as it only removes addresses from S($) that
are not in R(<). Hence, (=), the composition of (=) and T', is also GC sound. I

Note that GC soundness is always implied for a sound analysis. When the
abstract interpreter is both sound and garbage-free, we have that R($) = S(<).

Impact on Precision. Intuitively, garbage-freeness ensures that there is no
garbage in the store at every step of the evaluation. For a concrete interpreter,
garbage-freeness is not a relevant property, as Theorem 1 confirms that concrete
garbage collection does not influence the interpreter’s results. However, for an
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abstract interpreter, abstract garbage collection can greatly improve precision.
Note that “merging [i.e., join] is the enemy of precision” [77]: a join (i.e., ¥1 L d9)
needs to compute some over-approximation of both ©; and ?2, and future uses
of this joined value can no longer distinguish between 91 or 95 (needing to take
both into account each time to maintain a sound over-approximation). Such a
join happens whenever the abstract interpreter reuses (through alloc or aﬂack) an
already allocated address (i.e., an address [ € 5(¢)) when adding a new binding to
the store, as the old value at [is joined with the new one (see @). In general,
such joins in the store (and the resulting precision losses) are unavoidable!d, as
addresses need to be reused to soundly over-approximate a possibly infinite store
using only a finite number of addresses. However, sometimes these joins are in
principle unnecessary: when the address was unreachable but still in use (i.e.,
not in R(¢) but still in S(¢)) before being reallocated, the join happens with
an old value that can be considered “garbage”, therefore unnecessarily reducing
precision. Abstract GC avoids this kind of precision loss by removing unreachable
addresses from the store, therefore eliminating the need to perform a join with
“garbage values” at these addresses. That is, by limiting S (<) to 7%(6), it ensures
that such precision-decreasing joins happen only when actually necessary.

Impact on Performance. As evidenced by the example below, abstract GC often
has a positive impact on performance by avoiding the exploration of spurious
paths. In addition, no time is wasted on exploring states multiple times that are
equivalent up to GC (i.e., for states ¢ and & where ¢ # & but ['(¢y) = I'(&)).

However, applying garbage collection at every step (as in (3)) may not be
practical, since computing the set 7%(6) at every evaluation step incurs its own sig-
nificant performance overhead. Some abstract interpreters therefore opt to apply
abstract GC less frequently to avoid this overhead. Note that, when abstract GC
is applied too infrequently, the abstract interpreter may suffer garbage-induced
precision and performance issues (the latter due to spurious paths); when applied
too frequently, the overhead of abstract GC may outweigh its benefits.

Another important implication of using abstract GC is that the ACC for the
abstract domain no longer suffices to guarantee termination for the abstract inter-
preter. The reason is that for a transition ¢ =4 ¢’, we can no longer guarantee that
¢ C 6¢, since the abstract GC that occurred as part of () may have removed
addresses from the store. That is, the stores of a sequence of states produced by
(’—>\f) no longer form an ascending chain so that consequently, the ascending chain
condition is no longer applicable. Convergence therefore needs to rely on a finite
state space to ensure that S(e) remains finite (and therefore computable) as well

15Confirming Rice’s theorem [134]: a decidable analysis cannot have perfect precision.
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for every program e. This implies that the abstract domain Val (and therefore
the numerical domain N/UE) also needs to be finite. Consequently, the abstract
interpreter is no longer guaranteed to terminate when using the infinite constant
propagation domain CPpyym-

Example. We illustrate the impact of abstract GC by showing the state explora-
tion of the abstract interpreter for the program e (Figure 2.4) with abstract GC
applied at every step (i.e., using the transition relation (’—\>f)) The interpreter
again uses CPnym as the abstract numerical domain and is context-insensitive.

~

—

inject(ea) = & = (ev(ea, [],€), [, ], Gnat)

=g & = (val(dy), 6", 6,0 f) [E-ATOM]
§11 = (ev(z,pz,€), 67, 67 , Og) [E-APP]
=3 §12 = (val( 9y ), 6%, 67 ,g) [E-ATOM]
=% gld = (ev(ep; pid,f.g:€)s 60, (I, Anate) [E-CONTINUE]
gi“\ §14 - <Call()\b plUS(b b) pld NE lea )7 6-8 3 H 7&halt> [E-CALL]
=5 <15 = (ev(plus(b,b), pia,fp: €), 6, 11, anat) [E-App]
=5 &l = (val(da0), [ 1] s ) [E-BINOP]
where 6% = ¢'[ef s 0] 610 = 58eg s 9]
&7 = ¢%[ex v B, &1 = 68]@b — 1]
G}, = 0] = Rl &1 = [Okg — Aol

All other components are the same as defined before.

Without abstract GC (Section 2.3.1), the abstract interpreter loses precision
because both calls to i¢d reuse the same address @x for their argument binding and
the argument values of both calls end up joined together. With abstract GC, this
precision loss is avoided, as Ox is no longer reachable after returning from the first
call to id (i.e., 6x ¢ ﬁ(é%l)), and is therefore removed from the store by garbage
collection (i.e., @ ¢ S(¢)). As a result, when the second call to id binds its
argument to @x, it does not need to join the new argument value with the old one,
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and @z is bound only to 9, (instead of ¢, LI9). Therefore, the binding of ¢ in ¢];
is also precise, and the abstract interpreter knows exactly which closure is called.
This avoids the need to branch into multiple successor states, eliminatinAg the
spurious path that occurred without abstract GC. As a result, S(e4) = {115,
and the final result of the abstract interpreter is eval(e) = o9 = (), cst(20)).
Note the importance of applying abstract GC between the first and second call
to id: after binding 74, the address @z once again becomes reachable, at which
point it is too late to recover the precision loss by applying [. That is, the

interpreter can no longer know which of both closures stored at @x is garbage.

2.3.3 Abstract Counting

One can further improve the precision of the abstract interpreter using abstract
counting [106, 71, 13]. Specifically, the abstract interpreter currently loses preci-
sion for each variable assignment (rule E-SET) as it always has to apply a weak
update: the new value of the variable is joined with its old value in the store.
In general, any update to a mutable reference should perform a weak update.
The main reason for applying such weak updates only is that an abstract address
may represent multiple concrete addresses. As such, an update to some address
represented by an abstract address must not overwrite the value for all addresses
represented by that abstract address. A join is therefore necessary to maintain a
sound over-approximation for the value stored at that abstract address.
However, if we knew that an abstract address only represents a single concrete
address, then an update to that address can only correspond to an update to
that concrete address. In this case, we could instead apply a strong update: the
new value of the variable can safely overwrite the old value in the store. In
general, when representing only a single concrete address, equality of abstract
addresses implies equality for the corresponding concrete addresses. It is therefore
safe for an update to such an address to effectively update the same address in
the store, since they are guaranteed to represent the same address in the concrete.

Abstract counting extends the abstract interpreter to keep track of an ab-
stract count for every address in the store. Such an abstract count provides a
finite abstraction for the number of concrete addresses that are over-approximated
by that address (or, equivalently, the number of times this address has been
allocated). Since it only matters whether or not an abstract address represents a
single concrete address, we use the following abstract counts: 0 (for an abstract
address that has not yet been allocated), 1 (for an abstract address that has only
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been allocated exactly once, i.e., representing a single concrete address) and oo
(for an abstract address that has been allocated once or more, i.e., potentially
representing multiple concrete addresses). As such, X is updated as follows:

& € Store = Addr — Val x Count geCountz=0] 1|0

The abstraction Count forms a lattice with the following definitions:

i 0 Ca
lee=0 0C1C fUG@=42 T =0
oun g1 otherwise

The abstract count of an address increases whenever the abstract address is used

—_—

for a new allocation. For this purpose, we define a function inc : Count — Count:

./\(A) 1 if =0
inc(q) =
oo otherwise

Consequently, we modify the definitions of the store operations Im, extend and
update to take into account (and make use of) these abstract counts.

extend(&,a,0") = ¢la — (9 U0, inc(q) )]

. éla— (9,1 if §=1

update(&,a,?’) = [ ( ) !
Gla— (U, 00)] if §=o0

Extending the store (using @) at an address increases the count of that ad-
dress, as it corresponds to a new allocation (using that address). Updating the
store (using Up/d;e) at an existing address does not increase its abstract count. If
the count at this address is 1, then we can safely apply a strong update, replacing
the old value in the store with the new one (and therefore increasing the preci-
sion of the E-SET rule). However, if the count is oo, the address may represent
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multiple concrete addresses, and therefore we need to fa/ll\back to a weak update.
Note that the case where § = 0 is not defined!® for update, as an update to an
unallocated address is not allowed and should not happen by construction.

Impact on Precision. Abstract counting offers a direct precision benefit to the
abstract interpreter because of strong updates. In addition, it also synergises well
with abstract garbage collection. Without abstract GC, abstract counts can only
increase. With abstract GC, addresses are collected once they become unreach-
able, and as a result their abstract counts are effectively reset to 0 (increasing
the potential for future strong updates). In turn, strong updates remove the old
value from the store, potentially reducing the set of reachable addresses 7%(6) (by
removing addresses that were reachable only through that value) and therefore
increasing the effectiveness of abstract garbage collection.

Impact on Performance. Similar to abstract garbage collection, abstract count-
ing increases the precision of the abstract interpreter. These increases in precision
can similarly improve performance as the exploration of spurious paths (which in
general arise from any imprecision in control-flow behaviour) is avoided.

Abstract counting slightly increases the complexity of the analysis, as it directly
increases the size of the state space ¥ to explore. A practical implementation
may opt to disable abstract counting for addresses that are known to never be
updated (e.g., addresses of immutable variables).

Note that abstract counting, similar to abstract GC, breaks the monotonicity
guarantee for stores (i.e., stores no longer always form an ascending chain on each
execution path). The reason for this is that a strong update may overwrite a value
01 with a new value 09 where 01 [Z 05, so that the new store does not subsume the
old one. Hence, in general the ACC no longer suffices to guarantee termination
for the abstract interpreter; instead, the abstract domain needs to be finite.

Example. We illustrate the impact of abstract counting, in combination with
abstract GC, on the program shown in Figure 2.8. Function f assigns 0 to its
argument x and then returns x. The program returns 0 under concrete evaluation.
As in the previous examples, we assume that the abstract interpreter uses CPnum
as the abstract numerical domain and is context-insensitive. The state exploration
of the abstract interpreter using the (=) transition relation is shown below:

16This implies that u?d;e is technically a partial function.

44



2.3. ABSTRACT SEMANTICS OF Aanr

egp =let f =X x.eg ine
let f = Azx.(let u=set x:=0 in x) in E ! = F

let a = f(1) in
f2)

ep =leta= f(1) in eg
e = f(2)

eg=letu=setx:=0inx

Figure 2.8: Program eg (left) and the names of its subexpressions (right).

inject(ex) = & = (ev(er. [,¢), ). anar)
=g & = (evren, [, ¢). [1. 6%, O f) [E-Let]
= & = (val(0y), [, 0k, O f) [E-Arom]
5 G = (evier, pf,€),6", [], anat) [E-CONTINUE]
S5 4= (ev(f(1),py,€), 6", 67, 0ra) [E-LET]
S5 & = (call(Az.eq, [], 01, ¢€), 6", 67, Ca) [E-CALL]
=5 S = (ev(en, pu, €), 62,62, 0,a) [E-APpP]
S5 & = (ev(set x := 0, py, €), 67,67, Qpu) [E-LET]
S5 & = (val(@o), 67, 67, Ou) [E-Se1]
=5 & = (ev(®, pou, €), 6", 67, 0a) [E-CONTINUE]
=g G0 = (val(i0), 6", 6%, 0xa) [E-ATowm]
=5 <= (ev (ecs Pfar€),6°, [, Ahatt) [E-CONTINUE]
=5 Q2 = (call(Az.eq, [], 2, €), [], [I, ahate) [E-CALL]
5 Si3 = (ev(em, pry €),6°, []; anare) [E-APP]
S5 G = (ev(set x := 0, py, €),6°, 61, Qpu) [E-LET]
4 G5 = (val(iy), 67, 64, Qu) [E-SET]
=z <16 = (ev(@, Pous €),6°, [], Gnar) [E-CONTINUE]
=4 7 = (val(2o), [], [I; @hait) [E-AToM]
where 07 = ({(Az.en, )}, Lopyu,) Op = (0, cst(n))
ko ={(f,er, [, € anai) } 61 = [@pf — Fo]
1= {(a,eq, g, € nalt) } 6% = [epa — 1]
R = {(u, 2, Po, €, Ca) } &) = Gr[@pu > Ao
kg = {(u, T, Pz, €, Ghait) } 61 = [@pu — s3]
Parzn = [T1 > @1, ..., Ty > O]
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&t :[ f = (07,1)] 65 = ¢'[ea — (9g,1)]
6% = &'[ex — (1,1)] 6% = [ez — (02, 1)]

63 = 62[ex — (1g,1)] 67 = 6%[ex — (0g,1)]
&t = 63eu — (0o, 1)] 6% = 67 [eu — (0, 1))

Both calls to f use the same address @z for their argument binding. In the first
call to f, @x is allocated for the first time, and therefore gets an abstract count
of 1 in . Therefore, the variable assignment to x can perform a strong update
in ¢, replacing 97 with 9. Abstract GC then removes @z from the store in g,
resetting its abstract count to 0. As a result, the second call to f can again freshly
allocate @z, so that its abstract count is again 1 (instead of o). The second call
then also performs a strong update in <j4, so that e/vgl(eE) = 09 = (0, cst(0)),
which corresponds to the precise result of the program.

Note that both abstract GC and abstract counting are necessary to obtain this
precise result. Without abstract counting, the assignments in both calls to f
can only perform weak updates, immediately binding @x to 91 Ll 9p = 09 Ll g =
(0, Tcpy,,). Without abstract GC17, the second call to f would increase the
abstract count of @z to oo, so that the assignment in the second call can only
perform a weak update, again resulting in (0, Tcpy,,)-

2.3.4 Abstract Store Widening

The program semantics for Aanp expressed in terms of the transition relation (=)
(Section 2.3) are always computable. When using only finite abstract domains,
one can show that the entire state space S is finite. The exploration of the abstract
interpreter therefore always terminates, even when abstract GC and/or abstract
counting are used. When using an infinite abstract domain (such as CPyym),
the exploration only terminates when the stores grow monotonically on every
evaluation path. This is notably not the case when using abstract GC and/or
strong updates, since these break the assumption of “store monotonicity”.

However, even when using finite domains, the exploration of all states may be
too computationally expensive. Most notably, each state ¢ in/g contains its own
store, and the size of Store alone is in the order of O(|Val|/Add")  resulting in a
potentially very large set of states that need to be explored.

Store widening offers a standard solution to these scalability issues and
guarantees convergence regardless of the aforementioned assumption of store

Y Furthermore, without abstract GC, both calls to f would also reuse the same continuation
address @,u, causing the abstract interpreter to also branch to a spurious return flow path
from the second call to f to the first call site.
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monotonicity [105]. Store widening joins stores of different states together. Since
a store is a finite mapping from addresses to abstract values, the ACC for Val
implies the ACC for Store. Thus, by the ACC, an infinite sequence of stores
60,01, ... from different states can be turned into a monotonically increasing
sequence of stores (6, )neny where 65 = 6o and 6j,, = &; U &;11, which is
guaranteed to converge (to | |;cy ;) as 6; C 6;,; by design.

We integrate global store widening as formulated for AAM-based abstract
interpreters by Might et al. [105]. Under global store widening, all states share a
single global store (i.e., the stores of all states are effectively joined together).'®

First, we introduce reconstruct : P(le X @r) x Store x KStore — P,
an auxiliary function which given a set of “storeless” states, reconstructs states
in ¥ by injecting the given (global) store (and continuation store).

o — A~

reconstruct((C, 6, 61)) = {(é,6, 63, ax) | (¢,ax) € C}

Next, we modify the computation of the program semantics, which is now defined
using a least fixpoint iteration. This iteration keeps track of explored (“storeless”)
states and the current global store(s). In each iteration, the global store is updated
by joining in the stores of newly explored states.

S(e) = reconstruct(Ifp(f))

where (o, 60, Ok, Gk,) = |nJect( )

F(C.6.81)) = (C',8",64)

A

where Q' ={¢ |¢¢€ rec&st\ruct((é G1))
(j’: < >}U{<Cak>|( k)
suU| [{6' | (wo > € Q’}

61, = 6o U U |_|{O'k (- 6;6, )€ Q’}

>

Impact on Precision. Store widening negatively impacts precision, as the stores
of different states are now joined together (and joining lowers precision). In the
case of global store widening, all values at the same address, regardless of which
state they are bound in, are effectively joined together in a single store. This
results in a flow-insensitive analysis, as the abstract interpreter does not discern

8We apply store widening to both the value store as well as the continuation store.
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different stores at different program points. Thus, not only all stores on a single
evaluation path, but also stores along different non-deterministic branches (which
may exist for the sake of sound over-approximation) share the same store.

Impact on Performance. In general, store widening positively impacts perform-
ance and scalability (both in terms of running time and memory consumption). It
has been shown that for a monovariant (context-insensitive) analysis, global store
widening renders the complexity of the analysis cubic (as opposed to exponential)
in terms of the program size [105]. In practice, it is often considered a must to
realistically scale the analysis for larger programs.

Note that in rare cases, store widening may be detrimental to performance:
just as increased precision may improve performance (as previously exemplified
in Section 2.3.2), lower precision may lead to decreased performance when the
imprecision causes the analysis to explore spurious paths.

Notably, global store widening is not compatible with either abstract GC
or abstract counting: abstract GC is unable to collect any garbage (since the
global store must preserve all bindings that are reachable from any state),
whereas strong updates are never applicable (since all abstract counts eventually
become oo when the global store converges).
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The benefits of abstract garbage collection include substantial improvements to
both the precision and performance of the abstract interpreter. These benefits are
maximised when the abstract interpreter adheres to the garbage-free property; i.e.,
when all garbage is collected instantly and continuously. Section 2.3.2 detailed the
prototypical design of an abstract interpreter that is garbage-free by construction,
as it applies abstract tracing GC at every evaluation step. However, realising this
property with such a design causes its own significant performance overhead.

In this chapter, we develop a more efficient design for garbage-free abstract
interpreters, based on reference counting instead of tracing GC (and therefore
referred to as abstract reference counting). That is, instead of traversing the
entire heap to compute R(¢) at every evaluation step (as with tracing GC), the
main idea is to keep track of all references to every address [ in S(¢) (as with
reference counting), from which it is possible to determine whether [ € ﬁ(é)
When there are no more references to [, we have that [ ¢ ﬁ(f), and the memory
location can be reclaimed. The converse, however, is not always true due to cyclic
garbage. A direct application of reference counting (Section 3.2) therefore does
not yet result in a garbage-free abstract interpreter. In fact, we observe that
for an abstract interpreter, cyclic garbage occurs more frequently due to cyclic
structures that are created because of the abstraction. We refer to these cycles as
artificial cycles. In Section 3.3, we augment abstract reference counting with an
algorithm to detect such cycles. Subsequently, we lift reference counting to the
level of strongly connected components (instead of individual addresses).

Formally, we show that the resulting abstract interpreter is garbage-free and
equivalent to one using (/—\>f). We argue that such cycle detection adds little to
the overall overhead for an abstract interpreter, and confirm this empirically in
our experiments. In fact, we formally show that for the continuation store, where
most of the cycles occur, the cycle detection technique only requires O(1) amort-
ised operations per continuation push. Our evaluation (Section 3.4) shows that
abstract reference counting (with cycle detection) achieves the optimal precision
of abstract GC (i.e., it is garbage-free). It achieves significantly better perform-
ance compared to (==), and both better precision and performance compared to

r
other existing approaches that apply abstract GC less frequently.
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3.1 Motivation

As discussed in Section 2.3.2, garbage can severely disrupt the behaviour of an
abstract interpreter, negatively impacting both its precision and performance.
Precision is lost when the abstract interpreter reallocates an unreachable address
that is not yet collected, as the new value is joined with the old (garbage) value at
that address (hence bringing the garbage “back to life”). This imprecision in data-
flow can propagate rapidly and — since data flow impacts control flow (especially
for higher-order languages [105]) — lead to imprecision in the control-flow beha-
viour of the abstract interpreter. That is, the imprecision may cause the abstract
interpreter to explore spurious program paths, which can never occur in a concrete
execution of the program. Performance is lost because the abstract interpreter
unnecessarily analyses such spurious paths, and also because the interpreter ex-
plores equivalent states multiple times because they differ only due to garbage
bindings in the store (i.e., for states ¢; and & where ¢ # & but f(fl) = f‘(fg))
Abstract garbage collection can keep the interpreter’s memory, and hence the
state space it explores, free of garbage and its negative effects. It has been shown
to reduce the explored state space by orders of magnitude [107, 122], resulting in
equally large improvements in precision and performance. These improvements
are maximised when the abstract interpreter is entirely garbage-free (cf. Defini-
tion 1), as garbage can no longer have any impact on the abstract interpreter.

3.1.1 Problem: Application Policies for Abstract GC

As illustrated in the example of Section 2.3.2, garbage collection often needs to
be triggered at a specific program point, as later GC applications can no longer
recover the precision loss. Of course, the abstract interpreter is not privy to this
knowledge when it arrives at that program point. Abstract GC therefore ought to
be applied preemptively; the question is only how often and when. Garbage will
build up and impact precision and performance when GC is applied infrequently,
while too frequent applications bring about their own performance overhead. A
balance between these tradeoffs is often difficult to strike. Therefore, an abstract
interpreter may use one of several policies to decide when to apply abstract GC.

Survey of Existing Policies. A simple, but surprisingly effective policy that is
often used in practice [107, 118, 143, 40, 45] is to apply abstract GC at every
evaluation step of the abstract interpreter (as with (=g)). This policy results in a
garbage-free abstract interpreter, therefore achieving the maximum precision and
performance benefits of abstract GC. However, realising this property by applying
abstract GC at every step comes at a cost, as the GC overhead itself can become
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performance-detrimental, in particular for programs with large heaps [88, 45].
Since the size of the heap is generally proportional to the size of the program, the
cost of abstract GC becomes prohibitive for larger programs.

Other policies apply GC less frequently to avoid this overhead, which does result
in some precision loss from non-collected garbage (i.e., the abstract interpreter is
no longer completely garbage-free). For instance, the TAJS static analysis [73] (for
JavaScript) applies abstract GC upon every function exit. This policy requires
fewer GC applications, and function exits are good GC application candidates as
garbage tends to be left behind when exiting a function’s scope. TAJS in fact
uses a more lightweight (but also more conservative) approach to abstract GC!:
instead of traversing the entire heap after every function return, GC only col-
lects garbage bindings that were allocated during the current invocation of the
function that was returned to. Objects that existed before this invocation are
kept alive, even when they have become garbage. This also makes abstract GC
cheaper to apply, but further prevents garbage-freeness (regardless of the applic-
ation policy). The MOPSA analysis framework has been used for the analysis of
Python programs [111] where abstract GC is applied after each assignment for
which the right-hand side is a method call. The authors report that they have also
experimented with application policies that invoke abstract GC for only a fraction
of these assignments (to lower its performance overhead), but that this rendered
the impact of abstract GC unsatisfactory. The policy of 'CFA [106] (and later,
LFA [104]), which pioneered the use of abstract GC, is to apply abstract GC when
the address allocator returns a memory location that is already in use. As such,
it triggers abstract GC whenever values need to be joined in the store, so that by
design a value can never be joined with garbage. While the 'CFA policy avoids
a common form of garbage-induced imprecision, it still applies GC frequently.
The explored state space can moreover not be considered garbage-free, as some
of the explored states remain polluted with garbage. This results in redundant
evaluations of equivalent states that differ only in garbage bindings. In fact, in a
follow-up paper [107], the authors reverted their policy to an application of GC at
every evaluation step for the sake of garbage-freeness. In general, any policy that
does not apply garbage collection at every step is no longer entirely garbage-free,
at best leading to the exploration of garbage-polluted states, and at worst severely
deteriorating the analysis’ precision and performance.

Precision Impact of Policies. Figure 3.1 illustrates the tradeoff between the
frequency of GC applications and precision for 3 different GC application policies:
no GC (as in (<)), GC at every join operation in the store (as in 'CFA) and GC

"Motivated by its use of lazy propagation (see Section 3.5 for more details).
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at every step (as in (’—>\f)) We compare the size of the state space explored by
an abstract interpreter for a sample Scheme program (specifically, the collatz
benchmark used in Section 3.4). A smaller state space corresponds to a higher
precision of the analysis, as fewer (spurious) states have to be explored.

(b) when using GC at every join operation in the store (as in I'CFA [106]): 159 states

(c) when using GC at every step (as in (=5)): 60 states

Figure 3.1: States explored by the abstract interpreter for different GC policies.

Policies that apply GC more frequently reduce the state space to be explored,
which results in both higher precision and performance, but at the same time
also causes a performance overhead. Our evaluation in Section 3.4 shows that
this overhead significantly decreases the throughput of the abstract interpreter.
Policies that apply GC less frequently (e.g., the I'CFA one) often prove more
efficient in terms of performance despite the larger state space to explore. In
terms of precision, applying GC at every step yields the optimal result.

3.1.2 Approach: Abstract Reference Counting

We aim to realise garbage-free abstract interpretation more efficiently, attaining
optimal precision without significant compromises to performance. We propose
to collect garbage in an abstract interpreter using a form of reference counting.
For a concrete interpreter, tracing GC (such as the mark-and-sweep and stop-
and-copy algorithms) is usually deemed superior to reference counting, as the
latter may result in a greater overhead (in terms of both memory usage and
performance) [144] and cannot deal with cycles. For an abstract interpreter, we
argue that reference counting needs to be re-evaluated with respect to tracing GC.
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Reconsidering the Disadvantages of Reference Counting. The overhead of ref-
erence counting is less pronounced for an abstract interpreter. The reason is two-
fold. First, abstract interpreters typically use fewer addresses than their concrete
counterparts, as a single abstract address in general corresponds to multiple con-
crete addresses. Thus, fewer reference counts need to be maintained. Second,
abstract interpreters can tolerate more memory management overhead than con-
crete interpreters, as their performance is usually dominated by other factors.
The fact that reference counting cannot reclaim cyclic garbage, however, re-
mains an issue in the abstract. In fact, we have observed cyclic garbage to be
more prevalent in the abstract. Section 3.3 addresses this problem separately as
it directly impedes realising the garbage-free property using reference counting.

Reconsidering the Advantages of Reference Counting. The main advantage
of reference counting stems from its continuous nature. Garbage is collected un-
der reference counting as soon as it arises. As soon as the reference count of
an address becomes zero, reference counting immediately reclaims that address.
Tracing GC approaches hold on to garbage until the next GC application. Un-
less the application requires minimal GC pauses, this is generally not an issue for
concrete interpreters. For abstract interpreters, however, garbage held on to im-
pacts precision — requiring abstract tracing GCs to be applied frequently. Simple
bookkeeping suffices for abstract reference counting to immediately and efficiently
eliminate all garbage, precluding the need for GC application policies that seek
to balance the imprecision of long-lived garbage with the overhead of collection
frequency. It collects garbage continuously before it can cause a precision loss.
Finally, tracing GC needs to traverse the entire heap, which can get larger for
more complex programs, resulting in poor analysis scalability. Such expensive
traversals increase overhead when applied frequently. In contrast, the cost of
reference counting is mostly insensitive to the size of the heap [11]; the cost of
collecting garbage is only proportional to the amount of garbage collected.

3.2 Reference Counting for Abstract GC

In this section, we develop an alternative, more efficient design for garbage-free
abstract interpreters. As the abstract interpreter performs abstract garbage col-
lection through reference counting, we refer to it as abstract reference counting. We
augment the abstract semantics for Aang (cf. Section 2.3) with reference count-
ing, and show that, in the absence of cycles, it is equivalent to a garbage-free
abstract interpreter using abstract tracing GC with the transition relation (Sg).
Section 3.3 discusses our solution to the problem of cyclic garbage.
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3.2.1 Abstract Interpretation with Reference Counting using (Sarc)

In order to incorporate reference counting into the abstract interpreter, it is neces-
sary to know the reference count for each abstract address [; that is, the number of
abstract addresses that reference [ (according to the adjacency relation (<5;)). For
an abstract interpreter, we do not directly maintain the reference count (N)? for
each address I, but rather the set of addresses (P(L/o\c)) that reference [ directly.
The reference count of [ can then be derived as the cardinality of this set.

State Space. We augment the abstract state space to keep track of this set of
addresses for every address by adding a component qﬁg to every state ¢. We label
this state space Earc to differentiate it from the original state space 5. Figure 3.2
shows the definition of the state space Zarc; we elide definitions for components
that preserve the same definition as in 3 (cf. Figure 2.5).

0 € Sare = (6,6, 61, a5, &) ¢ € Refs = Loc — P(Loc)

Figure 3.2: The updated state space iarc of the abstract interpreter with ref-

erence counting for Aanr.

Tracking the set of addresses ¢(I) instead of the actual reference count |¢(l)|
renders our formalisation more concise (e.g., by avoiding the double counting of
references) and amenable to the incorporation of cycle detection (Section 3.3).

Note that this extension of the state space explored by the abstract interpreter
does not actually increase its complexity, as the added component qgf can be
defined deterministically in terms of ¢’s original components. That is, we modify
the transition relation to maintain the following invariant for every state <:

dell) = {I' € Loc | I ¢ 1}
In other words, we maintain gg so that QAﬁ(lA) contains all addresses that refer directly
to | (or rather, all addresses whose value/continuation directly refers to f) To
this end, we adapt the store-modifying functions extend and up/d;e to update ¢3
accordlngly for each modification in the store. Both functions now take the current
qﬁ as an extra argument, and return an updated qﬁ as part of their result. In

2Note that it is not necessary to maintain a finite approximation such as N = {0,1, 00} for
this reference count. The key insight is to count the “abstract” references to an abstract
address, not the concrete references to the corresponding concrete address(es) that are ap-
proximated by that abstract address. That is, our approach performs abstract interpretation
with reference counting, not an abstract interpretation of reference counting.
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addition, Lme also returns a set of addresses D C Loc for which the reference
count may have decreased. This can happen in the case of a strong update, as
references originating from the “old” overwritten value are removed from the store.

We introduce the operator © : Refs — Refs — Refs as a convenient notation for
removing references from ¢, defined as ((ZA>1 S @2)([) = (ﬁl(f) \ (ﬁg(lA) The updated
definitions of extend and Lme are given below.?

(6lar (0,1, U |l [~ {a}], D) if §=1
€T, (0")

(6[a— (0L, 00)], U || [—{a},0) if §=o0

~

TeT o (#
le al('u)

When extending the store at address a with value ©’, all addresses reachable from
?’ become reachable from a; hence, for all addresses directly reachable from 9’ we
add a as a reference in $.4 When updating the store at address a with value 9/,
there are two possibilities. In case of a weak update (§ = c0), we proceed as with
@, and return with D = @ as no references were removed to any address. In
case of a strong update (§ = 1), references from the overwritten value ¥ may no
longer be reachable from a; hence, we first remove a from all addresses directly
reachable from 9, and then proceed by adding @ to all addresses reachable from
the new value /. We return with D = 7?7; (0), as these addresses may have lost

a reference from a (note that in general 7?75' (0) and f//a\l(ﬁ’ ) may overlap).

Similarly, we modify function extendy, to adapt qg, registering references for every
address that is reachable from the newly allocated continuation.

3We slightly abuse notation and write [a +— b] for singleton maps (i.e., [a — b] = L[a > b]).

“Note that this suffices since Ty (oud 7 (0) U T, (0).
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o —

extendy, (6%, an, #y @ ) = (6ar — 6r(ar) UR], oL L [1— {ax}])

PN

lET@(fi)

Transition Relation. We introduce the new transition relation (Z,.c) as a com-
position of an auxiliary transition relation (=) and a function collect.

— A

¢S (¢ f)) & = coIIect(é’,'fdi(f) U D)
$ Farc ¢

The auxiliary relation (=) extends the transition relation (=) of Figure 2.6
by updating the references of addresses (in ¢3) for every update to the store (or
continuation store). Analogous to me, it determines the set of addresses D C
Loc for which the reference count may have decreased after the evaluation step
(i.e., we have that ¥¢,&,1: ¢ g (¢, D) A ¢¢(l) € () = [ € D).

The function collect is responsible for collecting garbage as reference counts
become zero (ie., |¢o(l)] = 0 for some | ¢ 7;(6’)) after every step of the
transition relation (=¥g). It checks all addresses that may have their reference
counts decreased: this includes the “root set” of addresses ’7‘2(6) that were
previously directly reachable from ¢ (and may no longer be reachable or have any
references in ¢x), as well as the set of addresses D returned by (o).

Figure 3.3 shows the definition of the auxiliary transition relation ().
The most important modification — compared to transition relation (=) of
Figure 2.6 — is that each transition now passes along a (possibly updated) qAﬁ to
correctly maintain reference counts between addresses. Rules that do not modify
the store (i.e., rules E-AToM, E-CALL and E-BINOP) make no modifications to b
(and accordingly return with D= (). Rules that modify the store using me or
extend (i.e., rules E-SET, E-AppP and E-CONTINUE) return the updated ¢’ (and
D) that are in turn returned by these functions. Since rule E-LET updates the
continuation store, we update ¢ (analogously to e;mi) to update the reference

counts of all addresses directly reachable from the new continuation.
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i = A(ae, p, 6)

[E-ATOM]|

S

(ev(ae)ﬁaf)’a-a&kvdlm QZ’S> /_>\0 (<Val(@)7a-76-k7&k7 ¢ >7 (Z))

A

a=plz) o=Aaeps) (6, d,D)=update(s,a,0, )

- - n [E-SET]
(ev(setx ‘= ae, ﬁaﬂaa-a&ky&ka ¢> /_>\0 (<Val(@)7a-/76'k7&k7 ¢/ >7 D)
(f,) =A(f.p,6) o= A(ae p,0)
lam,p') € f ' = tick(f,t ¢ = call(lam, ', 0,
(fam, ) € f .9 (a9 0.0)
(ev(f(ae),p,t),6,0h, K, @) =0 ((¢,0,0k, 4k, @), D)
a=aloc(z,i) ' =plzral (&, §)=extend(d,a,, §)
- - [E-APP]
(call()\x.e,ﬁ,@,t),6,6k,dk, ¢> /_\>0 (<ev(evﬁ,>t)76,a6k>&ka d), >7 ®)
(o 1) = A(aer, p,6) (-, fi2) = A(aez, p, 6)
0= (0, Z(op, n1,n ¢ = val(d
( (op, Q)A) (%) - [E-BINOP|
<eV(0p(a€17a€2), A,ﬂ,a’,é\'k,&k, ¢> —0 (<év 6)&ka&k7 ¢ >7 % )
&;c = aﬂng(el,B k= {(x>€27ﬁ7£7 ak)}
¢ =ev(ey, p,t) 60, @) = extendy (6%, ay, R, &
( 648 ( ) e

(z,e,p,t,a}) € o1(ar) a = alloc(z, ©)
P =plw—al (6, ¢ )=extend(6,d,0, )

[E-CONTINUE]

Figure 3.3: Transition relation (=) for abstract reference counting in Aanf.

While (=) maintains czAS as intended, it does not yet collect any garbage. Recall
that garbage is defined as all addresses that are not reachable, i.e., all addresses
that are not in R(¢) = {I’ € Loc | 3 € Loc: [ € ’E(?) AT =51}, We refer to

’Tg(f) as the root set of addresses for a given state ¢. Whenever ¢ transitions to ¢/,
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CHAPTER 3. ABSTRACT REFERENCE COUNTING

the root set changes from 7%(6) to 7%(6’ ), which creates garbage whenever some
address [ that was in 7}(6) is no longer in 7}(6’ ) and when [ is not referenced
from any other address (i.e., when |¢o(I)| = 0).?

Next to changes in the root set, strong updates can also create garbage (see
above), since they remove a value from the store and its outgoing references to
other addresses from ¢. Addresses that were previously directly referenced by this
overwritten value (i.e., the set D returned by me and then propagated by the
auxiliary transition relation (=()) may lose a reference, and therefore may need
to be garbage collected if their reference count has become zero.

Function cﬁl\ect, defined below®, therefore needs to collect all garbage that is
created either due to a change in the root set 7%(6) or that originates from the

set D of addresses potentially orphaned because of a strong update.

it D=1

o —

collect(¢, D)

-

~

dealloc(l,¢, D)
where 7' = {I' |

For every address [ in D, function collect checks whether it is still referenced by
at least one other address (i.e., if |¢s(I)] > 0) or whether it is still part of the new
root set (i.e., | € ’%(6)) If this is not the case, then it should garbage collect { by
removing it from the store. Garbage collecting an address [ also removes [ from
o(I") for every I € Loc where [ <5.[’. This is akin to decrementing the reference
count of all addresses [ referenced by [. The update can in turn cause other
addresses to be garbage collected because they no longer have any references.
Therefore, collect adds these addresses to D to recursively check them as well.

One can verify from the definitions of (=) and collect that the $-component is

5Note that qg only takes into account references coming from other addresses in the store (and
continuation store); root references therefore have to be handled separately.
SWe use the notation for set removal to remove elements from a map m, so that (m\ S)(z) = L

ifx e Sand (m\ S)(z) =m(x)ifx ¢ S.
o8



3.2. REFERENCE COUNTING FOR ABSTRACT GC

always updated correctly. That is, for every state ¢ € f], the reference-counting
transition relation (=) maintains the invariant ¢.(l) = {l’ | I’ =S¢ [}, so that
we can reason about ¢(l) as the set of addresses that refer to I.

Program Semantics. We update the injection function to start the abstract
interpreter with an empty ¢ component”, as the stores are also initially empty.

—

inject(e) = (ev(e, [I,70), Lem, Lygroer Ghalt, Loz )

Subsequently, we can define the abstract collecting semantics for Aang with ab-
stract reference counting. We define Sy : Exp — P(Xac) as follows:

A

Sarc(e) ={< € iarc | inject(e) Sarc S}

3.2.2 Properties of (S arc)

An abstract interpreter that applies abstract tracing GC (as in Section 2.3.2),
but not at every step, is GC sound, but no longer garbage-free (cf. Definitions 1
and 2). We now show that — in the absence of cycles — using (S arc) as a
transition relation results in a GC sound and garbage-free abstract interpreter
without the need to trigger a full tracing GC at every evaluation step.

First, Theorem 4 shows that abstract reference counting is GC sound.
Theorem 4 (=,,) is GC sound.

Proof. Assuming ¢ is GC sound and ¢ =5, ¢/, by inversion of the definition of
(Sarc) we have that 3¢, D so that ¢ g (¢, D) and ¢ = collect(¢, Tx(¢) U D).
To prove the GC soundness of (), we have to show that ¢’ is also GC sound.

A trivial case analysis shows that (=) is GC sound (since everything it adds
to R(<) is also added to S(¢)). Therefore, by definition & is also GC sound.

We show that whenever collect collects an address [, we have that [ ¢ R(<).
By the definition of @, [ can only be collected when [ ¢ ’7}(60) and when every
address [ € gggo (i) has already been collected. By induction, we can derive that
every such address ! ¢ ﬁ(fo). Therefore, since [ is not directly reachable from
the root set 7;3(60) or any other address in R(), we have that [ & R(<).

"Note that Refs forms a lattice with 1= M. 0.
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Since ¢ is GC sound, we have that R(G) € S(<). As we have just shown
that collect only removes addresses from & that are not in R(), we get that
R () € S(¢') and R(<") = R(<), so that R(<") € S(¢). Hence, ¢’ is GC sound. [

Our current formulation of abstract reference counting is GC sound, but
in general not yet garbage-free, as cyclic garbage cannot be collected. Theorem 5
therefore states that () is garbage-free only in the absence of cycles.
A N N A
For convenience, we define ¢X(1) = {I' | I ~5¢ [} \ {l}, so that ¢%(l) is the set of
all addresses that can directly or indirectly reach [ (excluding [ itself).

Theorem 5 In the absence of cycles, (arc) is garbage-free.

Proof. Assuming ¢ is garbage free and ¢ =, ¢’, by inversion of the definition of
(Sare) We have that 3¢, D so that ¢ S (&, D) and ¢ = m(q),'rz( &)U D).
To prove that (Z,c) is garbage-free, we have to show that ¢’ is also garbage-free.
Consider [ € §(¢'). We need to prove that [ € R(<'). There are two possibilities:
e [ & 8(¢): in this case, [ was added to the store (or continuation store) by
one of the transition rules in (=5¢). Using a trivial case analysis, it is clear
that in any of those cases, we also have that [ € R(<).
« [ € &8(¢): in this case, by the garbage-freeness of ¢, we have that [ € R(<).
Proceed by induction on |qu5* (0)].
— For the case A,( [)| = 0, by definition of ¢* and ¢ we also have that
|ger(1)] = 0. To show that [ € TE(A’) (and hence, [ € R(<')), it suffices to
show that [ was “checked” (yet not removed, hence [ € 7}(5’ )) using the

A(lA)| = 0, then [ was checked
by check because it must have been that [ € ’%(6) (since [ € R(Q)); if

¢c(1)] > 0, then [ was also checked, either because references to [ were

removed during (m, or because references were removed due to a
strong update both of which leading to [ being added to D.

— For the case A,( [)| = k > 0, we have that |z ([)| > 0. In the absence
of cycles, references between addresses form a directed acyclic graph
(DAG). Pick any predecessor I € ¢z (I) in the DAG; A predecessor
[ of an address [ in the DAG always has fewer ancestors than [, ie.,

A}‘,(lA’)| < k, so that — by the induction hypothesis — I € R(¢'). Since

'€ R(¢") and I' =54 [ (by definition of ¢¢ (1)), we have that [ € R(<).

Hence, S(¢') C R(¢), i.e., ¢ is garbage-free.

g
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Note that, as abstract reference counting is both GC sound and garbage-
free (in the absence of cycles), we have that R(<) = S(<).

Normally, we would still have to prove other properties of (Sac) (such as
the soundness of the abstract interpretation); instead, we prove an equivalence
with the existing transition relation (/—>\f), for which such properties have already
been established in related work [168, 106]. First, we introduce a function
fe: 5 — iarc to map states from the abstract interpreter using the transition
relation (’—\>f) to equivalent states in the updated state space iarcz

— A
A

(<) = (Ee, B, e, e, D) where ¢(I) = {I' € Loc | I' =5; I}

Theorem 6 In the absence of cycles, the transition relation (< a.c) is equivalent
to (Zp) in the sense that: V¢,{' € B, ¢ = ¢ == F(S) Zare (<),

Proof. 1t is clear that the transition rules of (=) are isomorphic to those
of (=), and that equivalence holds between both transition relations in that
Ve € 5, ¢34 = 3D : () To (R(%), D). Both (Farc) and (Sg)
then only remove addresses from & and 6 (using collect and f, respectively),
and since we have already proven both GC sound and garbage-free, they produce
equivalent states (since R(¢) = R(7e(&)), while R(¢) = §(¢) in both cases). [

Corollary 3 In the absence of cycles, Ve . Sac(e) = {Fc(¢) | ¢ € S(e)}.

Proof. Follows directly from Theorem 6. O

3.3 Reclaiming Garbage Cycles

We have shown that the (=,.) transition relation is garbage-free under the
premise that no states are encountered with cycles in their store or continuation
store. The underlying reason for this limitation is that pure reference counting
cannot reclaim cycles [144]. However, it is clear that this premise does not hold
in general. A concrete interpreter can end up with cycles in the store o when a
program creates cyclic data structures. In this case, abstract interpretation of this
program will also result in a cyclic structure in &, which will never be reclaimed
using (arc). Hence, in general (S,) is only GC sound, not garbage-free.
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In this section, we argue that cycles are an even larger problem for an abstract
interpreter, as additional artificial cycles can form due to the over-approximation
(i.e., cycles that do not form in the concrete interpreter). We explain why (Sec-
tion 3.3.1) and integrate a cycle detection algorithm into abstract reference count-
ing (Section 3.3.2) to reclaim cyclic garbage. In Section 3.3.3, we show that this
addition results in a garbage-free abstract interpreter, while only mildly increasing
overhead (which we show formally for the continuation store).

3.3.1 Artificial Cycles in (ac)

We show that cycles are much more common for an abstract interpreter. That is,
for a given program e, an abstract interpreter may encounter states with cycles
in either 6 (or %) that would not occur in o (or o) in the corresponding states
explored by a concrete interpreter. The underlying reason is that an abstract
interpreter can only use a finite number of addresses, and therefore is sometimes
forced to reuse an address for different allocations. As the same abstract address
is typically reused for different allocations at the same program point, recursively
created structures often “collapse” and become cyclic after abstraction.

From a theoretical perspective, this implies that an abstract address (€ |fo\c)
is used as the abstraction for multiple concrete addresses (€ Loc). We assume
that abstraction function « : Loc — Loc maps a concrete address [ to the abstract
address [, while concretisation function v : Loc — P(Loc) returns all concrete
addresses that are abstracted to an abstract address. It can be shown from the
abstract semantics [168] that if [; references Iy (i.e., l; ~» l2) under concrete
interpretation, then a(l;) references a(le) under abstract interpretation too (i.e.,
a(ly) ~ a(lz)). Now consider the linear sequence of concrete references iy ~ I ~

.~ I, where l; # [; when ¢ # j. Its abstraction a(lp) ~ a(li) = ... =5 a(ly)
becomes cyclic as soon as for some ¢ # j, a(l;) = a(l;). We refer to the cycles
that lack a concrete counterpart and stem from the interpreter’s abstraction as
artificial cycles. This situation is depicted in Figure 3.4.

In practice, it turns out that artificial cycles are mostly a problem in the continu-
ation store. Consider the E-LET transition rule. This transition rule “pushes” a
continuation on the continuation store, so that if ¢ — ¢’, we have that ap. ~> aj..
As allocy, always returns a fresh address under concrete interpretation, a sequence
of transitions of this rule will give rise to ag, ~> agp_1 ~ ... ~ agpg Where
Ay, = Qfpm—1 7 - - - # ago- Under abstract interpretation, in contrast, the same se-
quence will result in a(ag,) = a(ag,—1) ~ ... = a(agg). A cycle will be created
as soon as aﬂ;ck allocates the same address more than once in such a sequence
(i.e., once afay;) = a(a;) for some 0 <4 < j < n). This is usually the case when
the abstract interpreter visits the same program location multiple times due to,
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lhg—l— ===l —l—ljg— - =

(a) A linear data structure in the concrete interpreter.

a(ljpr) = - — ally)
(b) A cyclic abstraction of the linear data structure in the abstract interpreter.

Figure 3.4: Example of artificial cycles arising due to abstraction.

for instance, looping behaviour. When the resulting cycle becomes unreachable,
none of its constituent addresses will be reclaimed under (= ,c) from the continu-
ation store where they cause imprecisions. While imprecision in the value store
o may be tolerable, imprecision in the continuation store &) has a direct detri-
mental impact on both precision and performance. The E-CONTINUE transition
rule, for instance, will generate spurious successor states if the set oy (ay) contains
“garbage continuations” due to such imprecision resulting in the exploration of
infeasible control flow. This directly results in imprecise program paths (which
can in turn indirectly further propagate imprecision), and harms performance by
generating unnecessary exploration work for the abstract interpreter.

3.3.2 Abstract Reference Counting with Cycle Detection: (Sarct+)

We extend () with a cycle detection algorithm, so that it remains garbage-free
in the presence of cycles. Existing techniques for reference counting to reclaim
garbage cycles do not immediately help in this setting (Section 3.5). We therefore
propose a domain-specific solution that is tailored towards the artificial cycles
that are artefacts of abstraction. First, we make a few observations:

o As previously discussed, cycles are the most prevalent in the continuation
store, where not reclaiming such cycles directly impacts both precision and
performance negatively. Our main priority is therefore the continuation
store. While realising the garbage-free property requires cycle detection in
both stores, we show that its application to the continuation store does not
have a significant performance overhead (Theorem 7).

o An artificial cycle can by definition only be created when an address is
reused, and conversely, address reuse in practice often results in a cycle. In
fact, in a garbage-free abstract interpreter, we show that reusing an address
in the continuation store is guaranteed to create a cycle.
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o Except for the [E-SET] rule, the transition rules in (<) only make the stores
grow monotonically. This implies that (in the absence of strong updates),
existing cycles can only be merged together into a larger cycle.

o Elements (and therefore potentially cycles) are only removed from the store
under two circumstances: when removed by a strong update in the [E-
SET] rule, and when garbage collected by collect. In the former case, an
existing cycle may “break up” into multiple smaller cycles (because outgoing
references from the overwritten value are removed). In the latter case, the
entire cycle is collected (because if some address that is part of a cycle is
collected, then by definition of garbage the entire cycle should be collected).

Hence, while it is not obvious how to detect when a cycle becomes a garbage cycle,
it is possible to predict the creation of a cycle efficiently. Therefore, our approach
explicitly tracks all cycles — or rather strongly connected components (SCCs) —
inS (¢). Such cycles grow when SCCs are merged together, can be split upon
a strong update, or be removed in their entirety when collected as garbage, en-
abling maintaining a disjoint-set of the SCCs in §(¢) efficiently. The idea is then
to maintain the reference count for every SCC (instead of for every individual
address), only counting “external” references coming from other SCCs. When an
SCC loses all of its external references, all addresses that are part of that SCC
can be garbage collected. As a cycle can by definition never occur between two
SCCs, applying reference counting at this level overcomes its main limitation.

State Space. Figure 3.5 depicts the updates to Sarc to incorporate cycle detec-
tion. We elide definitions for components that preserve the same definition as the
corresponding components in Y. (cf. Figure 3.2).

¢ € Refs = (SCC — P(Loc)) xDS
# € DS = P(SCC) 8, 5c¢ € SCC = P(Loc)

Figure 3.5: Updated state space ‘Earc of the abstract interpreter using refer-
ence counting with cycle detection for Aanr.

Newly added component 7 tracks the partitioning of S (<) into its SCCs. The
abstract interpreter needs to maintain disjoint-set 7 so that J. . scc = Loc
and for any 51,52 € & where 8 # 382, 51 NSy = 0 (i.e., # is a partition of
Loc). In what follows, we assume that functions union and find (for which efficient
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implementations have been proposed [50]) exist, so that:

union(fr, 51, §2) = (ﬁ' \ {§1,§2}) U {§1 U §2}

~

find(#,1) = sc¢ where scé € # Al € 5ce
The original definition of qAﬁ from Section 3.2.1 also changes in that it now tracks
all incoming references for every strongly connected component scc from addresses
that are not part of sce (i.e., addresses that belong to some other SCC).
We extend the state-indexed shorthand notation so that ¢; = (Re, 7). We also
slightly abuse notation by writing ¢({) for R(find(#,1)) when ¢ = (R, #).
Note again that the state space does not increase in complexity, since 7¢, and

therefore also (ﬁf, are defined deterministically in terms of ¢’s other components.

A

Re(sce) = {I' € Loc | I' ¢ sce A3l € sce, I <5: 1} for scc € #e
N — A X A~ A X N A —
fe={{l' €eloc|l=:U' NI'"S:1} |1 € Loc}

*
Due to the reflexivity of (~5¢), we define the bottom element L-— as follows:

Lez=(Ascc . 0, {{i} |l € Loc})

Transition Relation. Transition relation (=) needs to be updated to maintain
the 7 and qg components. We write (Sg44) for the updated transition relation.
Likewise, we write (St ) for the updated transition relation (instead of (Sarc))
that makes use of the auxiliary transition relation (o) (instead of (Zp)).
The evaluation rules for (¢4 ) are the same as those given in Figure 3.3; how-
ever, we adapt functions extend and up/d;e to ensure that (1) cycles are correctly
tracked in 7 and (2) incoming references are counted per SCC (instead of per

address). The updated definitions of extend and update are given below®:

extend (5,9, ¢) = (6a — (0 U ', inc())], ADDEDGES(a, Tgs (1), 9) )

— ~

update(é, a,v’, 6, @)

8Note that function uﬁe now also receives the continuation store as an extra argument. This
is necessary to correctly update the bookkeeping of references in ¢ (cf. Algorithm 2). We
omit the corresponding (trivial) adaptation in the E-SET rule of (44 ) for brevity.
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(6', REPLACEEDGES (4, D, T+ (#'),6”,6%,¢) . D) if ¢=1
(6a (9L, 00)], ADDEDGES(a, T (8'), @) , 0) if ¢ = oo
where ¢’ = 6[a — (?',1)]

&'
D= K/al(@)

Analogously, we adapt the definition of extend  to detect cycles in the continuation
store using the same auxiliary function ADDEDGES.

o —

extendy, (6%, ag, 7, @) = (6y[ar — 6%(ay) U ], ADDEDGES(aj, To—

ko (R):9))

Previously, whenever a reference from address [ from to a set of addresses S was
added to the store, qg was updated to qgl_l LlitoeS[ZtO — {ffrom}]. We now replace
this update with the function call ADDEDGES(lAfmm,S”,ngb) (Algorithm 1) to check
if SCCs are merged together when the store (or continuation store) is extended.
For every new reference from [ from to fto that is added to the store, it calls the
function ADDEDGE to detect if a new cycle has been created and to update (;AS and
# accordingly (line 28). The ADDEDGE function initiates a backward search (using
the helper function SEARCH) for the SCC of fto, starting from the SCC of l}mm
(line 21). All strongly connected components that can be traversed in a backwards
path from l}mm to Iy, need to be merged together in 7 using union (line 18), since

such a path implies that a cycle is created as lto 5*3 lAfmm and l}mm = by (due to
the new reference added to the store). During this traversal, SEARCH also keeps
track of all incoming references to this newly created SCC (line 19), so that it can
immediately update R as well (line 22). If no such path is found, ] from and Lio
are not part of the same SCC, so that & remains unchanged and g5 is updated as
previously (line 24). Note that the check scé € V' (line 8) is only there to prevent
redundant work when an SCC has already been visited through a different path;
its purpose is not to prevent an infinite loop (for SEARCH), which cannot happen
as there are no cyclic paths between SCCs.

Function REPLACEEDGES in Algorithm 2 is responsible for updating gg when
a strong update occurs in the store (note that strong updates only apply to the
value store &). It takes as arguments the address [ from that is strongly updated,
the set of addresses D previously referenced from that address by the overwritten
value, and the set of addresses S of the new value at this address. First, it dlrectly
updates the bookkeeping in R (line 5) by removing all references from [ from
to previously referenced addresses (i.e., addresses that are in D but no longer
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ALGORITHM 1: Cycle detection in (<5g4++) when adding edges.

1 function ADDEDGE (mem ,z}o,é) :

2 Vi
3 I+ é(fto)
4 | (R7) <+ ¢
5 function SEArcH():
6 sce + find(#, 1)
7 if scc = find(#,l;,) then return true
8 if scc € V then return false
9 V « V U {scc}
10 reachable < false
11 incoming + 0
12 foreach I’ € R(5¢e) do
13 if SEARCH(I') then
14 ‘ reachable < true
15 else
16 ‘ incoming  incoming U {I'}
17 if reachable then
18 # < union(#, 5cc, find (7, Iy))
19 I < I Uincoming
20 return reachable
21 if SEARCH(mem) then
22 ‘ return (R|; U [find(#, ;o) — 1], 7)
23 else
24 ‘ return (R U [find(7, l10) — {Ifrom}], 7)
25 function ADDEDGES(lAfmm,S,qAS):
26 foreach Zta € S do
27 if lAfmm ¢ qZAJ(lAm) then
28 ‘ (ZS <—ADDEDGE(lAf,.Om,lAtO,¢A>)
29 return (25

in S‘) Next, it checks if a strongly connected component is no longer strongly
connected after a strong update (hence breaking up into multiple SCCs). This
can only occur if a reference was removed within a single SCC; the algorithm
therefore checks whether the SCC of the strongly updated address [ from is itself
one of the SCCs to which a reference was removed. In this case, we update
the partitioning 7 by recomputing the strongly connected components for the
addresses that were part of the original SCC (line 8). This can for instance be
done using either Tarjan’s [155] or Kosaraju’s [2] algorithm. Note that the work
required for this step is only proportional to the size of the SCC in which the
strong update occurred, as these algorithms are only needed for the subset of the

67



CHAPTER 3. ABSTRACT REFERENCE COUNTING

ALGORITHM 2: Cycle detection in (g4 ) for strong updates.

function REPLACEEDGES (I rom,D,5,6,6%,0):

1
2 | (R7)+ ¢
3 | scc < find(7,lfrom)
4 removed < {find(ﬁ,f) | [eD \ 5'}
5 R+ Ro L] [5cc’ {l}mm}]
s/c\cleremoved
if scc € removed then
7 &' — 6';&
8 7?<—(7Ar\{s/c\c})U{{A’E§c\c|lAi~>\&1lA’/\lA’3&/lA}|lA€s’c\c}
9 foreach [ € R(5cc) do
T—(5(] if | € Addr
10 refs < {,\Va'(gf ))A 1 R < e
A R Teo=(6x(0)) leEAKAddrA
11 R+ RU L] [find(7,1") — {l}]
ire refs N sAcc
12 foreach !’ € 5cc do
13 refs T\//;(&(l:’))
14 scc « find(#,1")
15 R« RuU || [find(#, 1) — {I'}]
[Ercfs\s/é\c,
16 R+ R|7T
17 return ADDEDGES(Ifrom, S, (R, 7))

store restricted to this SCC. After recomputing the SCCs, the algorithm updates
the references recorded in R accordingly. First, it redistributes all references to
the original SCC over the newly recomputed SCCs (lines 9-11). It does this
by re-registering all ezternal references, previously referencing the original SCC
(i.e., R(3¢¢)) to the updated SCC they now each reference. Second, it considers
the references that were previously internal to the original SCC (and hence not
registered in ff) and may now form (external) references between newly formed
SCCs (lines 12-15). It does this by re-registering the outgoing references from
each address in the original SCC to their updated target SCC (ensuring that
internal references remain unregistered in I-AB) Finally, the algorithm takes into
account potential newly formed SCCs due to new references in S by calling
function ADDEDGES of Algorithm 1 (line 17), as is done for weak updates.

The only remaining modification is to adapt function collect to work at
the level of SCCs (instead of individual addresses).
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—

collect(¢, D) = collect (¢, {find(se, ) | i€ DY)
¢ if D =10

o —

{check(s/c\c, ¢, D\ {sce}) 3Iscee D

—

collect (¢, D) =

— A

check(sce, ¢, D) =

—

<
collect (¢, D) otherwise
where RS = {find(#¢, )

dmc(scc ¢, D) —m( ,DuUT)
where T = {find(#¢,1') | 3l € sce, I & sce,l ¢ '}

él: <é€7 &6\3/6\67 6—ké\§c\ca &kéa ¢>

¢'= (Re | [sed = scd, (#\ {seeh) U U {{i}})

sce GT lesce

Program Semantics. We define the abstract collecting semantics for Aang with
abstract reference counting and cycle detection using Sarct++ : Exp = P(Zarct+)-

A

—~ — *
Sarct+(€) = {< € Barc++ | inject(e) Zarcr+ ¢}

3.3.3 Properties of (S arct+)

Performing cycle detection through a search comes at a cost, especially when look-
ing at the theoretical worst-case behaviour. In practice, however, the advantages
of being able to reclaim garbage cycles appear to outweigh this cost (cf. Sec-
tion 3.4.2). Note that the backward search is only initiated when an address is
being reused, as for a fresh address Z, there are no incoming references to traverse
(i.e., ¢e(l) = 0), assuming R(¢) = S(¢). As address reuse often creates a cycle,
incorporating cycle detection (using ADDEDGES of Algorithm 1) usually pays off.
In fact, for the continuation store, we can state this more formally in Theorem 7.

Theorem 7 In a garbage-free abstract interpreter, extending abstract reference

counting with cycle detection for the continuation store only requires amortised
O(1) additional operations per continuation that is added to the continuation store.
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Proof. Note that there can never be a reference from an address & € Addr to
a continuation address ap € KAddr. This implies that an SCC consists either
exclusively of addresses in Addr or addresses in KAddr. We write 7, for the
partitioning 7 limited to mr, ie, T = 7\ P(m)

We use the potential method for amortised analysis [156]. Assume a state ¢
which is GC sound and garbage-free (i.e., R(¢) = S(¢)) and let ¢ = (R, #).
We define its potential & as the number of references between SCCs in the
e |R(s¢¢)|). Cycle detection is only
triggered for the continuation store on a transition ¢ =g ¢’ where we insert a

continuation store 6y (i.e., ®($) =

new continuation % into the continuation store 3. (in the case of Aanf, this
only happens in the transition rule [E-LET]). Since it is clear that ®($) > 0, we
can formulate the amortised cost é of such an insertion as ¢ + (®(<') — ®(<)),
where ¢ is the actual cost of the insertion (including cycle detection, whose cost
is proportional to the traversal of the backward search). If the address g is
fresh (i.e., age & §(f)), then the cycle detection requires no traversal, hence
¢=14(®(¢) — ®(<)). We have that (') = ®(<) + 1, since the insertion adds
Qe to the set &(akf), which results in ¢ = 2. If the address Gy is reused (i.e.,
arer € S(¢)), then cycle detection will perform a backward search starting from
arer. The key insight is that every address [ traversed by SEARCH will lead to ay.,

A A X
hence we are guaranteed to have a cycle. For every such [, we have that | ~5¢ ape
* ~
due to the backward search, and also that apc ~>¢ ! due to the garbage-free

property of ¢ (since [ € S(¢) implies [ € R(<), hence it must be that ay. ’\/:\f ).
As a result, all references that are traversed will become part of the same SCC,
and therefore be removed from QAS Hence, if cycle detection traverses k references,
we have that ¢ = k+1 (due to the traversal of k references) and ®(J') = ®(S) — k
(due to the removal of k references), which results in ¢ = ¢+ (®(J') — (<)) = 1.
In both cases, the insertion only requires amortised O(1) operations. g

The intuition here is that every reference that is inserted into &3 can only
be traversed once during the backward search of the cycle detection: once
traversed, we can show that it is guaranteed to become part of a cycle. Since the
internal references of a cycle are not traversed by the backward search, it can no
longer add to the cost of a future traversal once the SCCs are merged. That is,
when a backward search is triggered in the continuation store, we are guaranteed
that all traversed edges between SCCs will become part of the same SCC after
cycle detection, hence the path is shortened for future traversals. In practical
terms, Theorem 7 states that cycle detection can be applied to the continuation
store “for free”, i.e., without much of an additional cost in performance.
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Note that the proof of Theorem 7 relies on the fact that Aanr does not support
first-class continuations. Without first-class continuations, we can guarantee
that continuation addresses (@r) never end up in the value store &, and
therefore it becomes impossible to create cycles that span both the value store &
and the continuation store ;. Because of this, every continuation address in
R(¢) is reachable from the current continuation address drc. Together with
garbage-freeness, this ensures that every edge traversed by the backward search
becomes part of a new cycle. With first-class continuations, this reasoning no
longer holds, as cycles could contain both value (A/dEr) as well as continuation
(mr) addresses. Consequently, the amortised O(1) bound would be invalid.

Importantly, as garbage cycles are now also reclaimed, we can now state
that an abstract interpreter using the transition relation (Za.c+4+) is both
GC sound and garbage-free. This is stated in Theorem 8.

Theorem 8 (S ,c++) is GC sound and garbage-free.

Proof. The proofs of Theorem 4 and Theorem 5 can be repeated for (S arct+),
replacing addresses with their corresponding strongly connected components
where necessary. The premise of Theorem 5 that disallows cycles can then be
omitted, since cycles by definition do not occur between SCCs. O

We can now claim full equivalence of (53) and (Zarc++). First, we adapt

function r¢ to map states from 5 to the updated state space iarc++.

Re(S) = (ée, ¢, Ore, e, (Re, 7)) where
A — A K N A ¥ N N —
we={{I' eLoc |1 =1 AT =0} |1 e Loc)

A

Re(sce) = {I' € Loc | I' ¢ sce A3l € sce, I <5: 1} for scc € #e

Theorem 9 The transition relation (< arc++) is equivalent to (Sg), in the sense
that: V6, € 5, ¢ T2 & = RlS) TFarers F(S).

Proof. The proof is analogous to that of Theorem 6. O
Corollary 4 Ve . Sacpq(e) = {7(¢) | ¢ € S(e)}.

Proof. Follows directly from Theorem 9. 0
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3.4 Evaluation

We have already proven the GC soundness and garbage-freeness of our approach
(Theorem 8), as well as a theoretical efficiency claim of the cycle detection tech-
nique for the continuation store (Theorem 7). We now present the empirical
evaluation, for which we formulate two main research questions:

RQ1 What is the impact of the cycle detection technique presented in Sec-
tion 3.3.2, both in terms of overhead as well as precision gains?

RQ2 How does abstract reference counting compare (in terms of precision and
performance) to existing application policies for abstract tracing GC?

Section 3.4.2 measures the impact of the cycle detection technique on abstract
reference counting, while Section 3.4.3 compares its precision and performance to
existing approaches to abstract GC.

3.4.1 Experimental Setup

We use a similar setup throughout our evaluation.

Environment. We ran all experiments using Scala version 2.12.3 on a server with
a 3.5GHz Intel Xeon E5-2637 processor and 256GB of RAM.

Implementation. We implemented both abstract reference counting and the
existing variants of abstract tracing GC (surveyed in Section 3.1.1) using the
Scala-AM framework for abstract interpretation of Scheme programs [152, 151].
This resulted in six abstract interpreters®, each incorporating the Scheme equi-
valent of the Aanp transition relations (=) (which does not perform any GC)
and (=) (which performs GC at every step) from Section 2.3, (Zarc) (which
performs abstract reference counting without cycle detection) from Section 3.2,
(Sarc++) (which performs abstract reference counting with cycle detection) from
Section 3.3, as well as the additional (S pcpa) and (S areq ) relations defined below:

o (Zrcra) adopts the GC policy of I'CFA [106], which applies abstract GC
whenever values need to be joined in the store, so that values are by design
never merged with garbage. While this approach is not garbage-free (Sec-
tion 3.1.1), it is interesting to examine how this common policy affects the
precision and performance of the abstract interpreter.

o (Sarct+) adopts abstract reference counting, but only applies cycle detection
to the continuation store &;. As garbage cycles will remain in the value

9Publicly available at https://github.com/noahvanes/scala-am-abstractgc.
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store &, this relation is not garbage-free. However, its empirical evaluation
is motivated by our observation that garbage cycles are mainly an issue in
the continuation store, and by our proof for Theorem 7 that cycle detection
should have no major performance overhead there.

All interpreters support strong updates through abstract counting.

Benchmarks. We evaluate the above implementations using a total of 16 Scheme
programs; 11 from the Gabriel benchmark suite [49] and 5 from the built-in test
suite of Scala-AM. We included all programs from the Gabriel benchmark suite
that were compatible with Scala-AM', and selected benchmarks from the built-
in test suite of Scala-AM that could be analysed within a 30 minute timeout
using (=) while producing at least 500 states (so that we can measure meaningful
precision benefits). Table 3.1 lists the size of each Scheme program, with the
Gabriel ones depicted in bold. For each benchmark program, we configure each
abstract interpreter with a monovariant allocator (i.e., 0CFA), and a lattice that
abstracts concrete values to the set of their possible types (a finite domain, so
that termination is guaranteed, even with abstract GC and strong updates).

Benchmark LOC Benchmark LOC Benchmark LOC Benchmark LOC
boyer 568 deriv 39 takl 18 geipd 12
browse 78 destruc 37 puzzle 144 primtest 35
cpstak 19 diviter 8 triangl 40 rsa 41
dderiv 83 divrec 11 collatz 22 nqueens 34

Table 3.1: Lines of code per benchmark. The Gabriel benchmarks are in bold.

Measurements. As the implementations differ only in their approach to abstract
garbage collection, we follow Earl et al. [45] in the use of the number of explored
states as a proxy for precision measurements. As garbage can cause an abstract in-
terpreter to explore spurious states (cf. Section 3.1.1), fewer states implies higher
precision when all configuration parameters are kept constant. For performance,
we measure the total running time of the abstract interpreter. Note that running
time is impacted by two factors. First, the number of states the interpreter has to
explore. Higher precision can often lead to higher performance. Second, the rate
at which the abstract interpreter is able to explore those states. This rate is influ-
enced by the overhead caused by abstract garbage collection, which we therefore
also measure per state. For the tracing GC approaches ((=g) and (Zrcra)), this

10We omitted the ctak benchmark program due to its use of call/cc, which is not supported
by Scala-AM. This is a limitation of the implementation, not of abstract reference counting.
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measure corresponds to the time spent in the function L. For approaches based
on abstract reference counting ((Zarc), (Saret) and (Saret+)), this measure in-
cludes the time spent on updating the (;AS component (including cycle detection for
(Sarcet) and (Saret4)) and in the collect function. We ran every benchmark 30
times after a warm-up period of 2 minutes. For the time-sensitive measurements,

we report the mean of the measurements of all runs.

3.4.2 RQ1: Impact of Cycle Detection

Section 3.2 introduced transition relation (= ,.c) which performs abstract refer-
ence counting, but cannot reclaim cycles. Section 3.3 extended this relation into
(Sarc++), which can reclaim cyclic garbage by applying cycle detection to both
stores. Transition relation (S arcy ), introduced in Section 3.4.1, is an in-between:
it uses abstract reference counting, but only applies cycle detection to the con-
tinuation store. Table 3.2 compares the corresponding abstract interpreters to
evaluate the impact of cycle detection on abstract reference counting.

Impact on Precision. The results from Table 3.2 show that reclaiming garbage
cycles from the continuation store only can already result in important preci-
sion improvements compared to naive abstract reference counting with (Z,c).
For most benchmarks, (S act) nearly achieves the same optimal precision as
(arc++). For instance, all of the non-Gabriel benchmarks (except for collatz)
show significantly improved precision with cycle detection for the continuation
store only, and adding cycle detection to the value store does not increase preci-
sion any further (save for a small improvement in nqueens). In addition, for the
triangl benchmark, not reclaiming garbage cycles from the continuation store (us-
ing (Sarc)) causes the state space to blow up. However, it is clear that reclaiming
them from the continuation store does not always suffice: benchmarks destruc and
puzzle both create cycles in the value store, which are not reclaimed by neither
(Sarc) nor (Surct ), therefore only showing significantly improved precision with
(Tarc++). Programs that are written in CPS, such as cpstak, do not benefit
from the extra precision in the continuation store either, as their control flow is
encoded in closures that reside in the value store. The garbage-free transition
relation (S a4+ ) improves precision more consistently, due to its reclamation of
all garbage cycles from both stores. These results underline that cycles cannot be
neglected in abstract reference counting, and that a technique for their detection
is required to realise the benefits of garbage-free abstract interpretation.

Impact on Performance. Figure 3.6 compares the time spent on GC per com-
puted state for the reference-counting transition relations. For most benchmarks,
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~ ~ ~
(_>arc) (_>arc+) (_>arc++)
t #s t #s t #s
cpstak 3 179 3 179 3 165
diviter 15 163 9 163 19 162
divrec 10 153 15 146 16 145
destruc 137 384 1874 444 142 272 1 874 444 825 48 006
triangl [e ] >1 973 282 1745 2 734 1981 2 696
puzzle oo >15 099 494 oo >15 099 494 2 623 109 420
takl 11 730 862 880 2 039 188 554 2 705 188 551
browse =] >3 475 125 oo >2 321 534 [eS] >2 309 698
boyer [eS] >13 965 902 o) >11 771 411 [eS] >10 363 208
deriv [e] >13 624 193 o) >30 991 292 o] >27 055 217
dderiv oo >25 051 847 oo >35 209 950 oo >33 565 445
collatz <1 60 <1 60 <1 60
geipd <1 151 <1 91 <1 91
primtest 94 9 803 11 1537 11 1537
rsa 92 10 646 12 1538 14 1538
nqueens 3777 146 525 540 40 401 769 40 375

Table 3.2: Comparison of time taken in milliseconds (t; lower means better per-
formance) and number of states explored (#s; lower means better preci-
sion). A time of co means that the benchmark exceeded the time limit
of 30 minutes; in this case, we report the number of states explored
when the timeout was reached.

we observe that cycle detection increases the GC overhead slightly. However, this
overhead is negligible compared to the corresponding improvements to precision.
That is, the overheads in Figure 3.6 remain comparable for different configurations
on each benchmark, while the number of states explored reported in Table 3.2 de-
creases significantly when using cycle detection. We observe proportionally large
improvements to performance, as the abstract interpreter has fewer states to ex-
plore. Again, the garbage-free transition relation (=444 ) can most consistently
improve performance by completely avoiding any unnecessary computation, with
only a negligible increase in overhead. We conclude that the benefits of cycle
detection outweigh its cost, as (Sarct+) is superior to both (Sac) and (Saret)
in terms of precision and performance.

Note that Table 3.2 also lists the number of states that were explored for the
benchmarks that did time out. This gives a rough estimate of the interpreters’
state exploration rate. However, these rates should be interpreted with caution,
as some paths in the state space can be significantly cheaper to explore than
others. One should therefore only compare the rates of interpreters with the same
precision, or look for a pattern of major discrepancies. We do not discern such
a pattern among the rates, and deem the differences in precision too pronounced
to warrant a direct rate comparison.

75



CHAPTER 3. ABSTRACT REFERENCE COUNTING

I (garC) I (/_>\ar<:+) I (/_>\arc++)

—
I
—

—H
—H

—
—3

—

—

—
[y — |

il

Overhead (us/state)

Co]]atz ]

gC]'p d
prjmt@st |

@
&

T
g
)
(4]
~
o

<

Figure 3.6: Comparison of overhead measured in time spent on GC per state
(lower is better). Error bars indicate the standard deviation of the
mean of our measurements (for 30 runs). Note the usage of a logar-

ithmic scale on the y-axis.

3.4.3 RQ2: Comparison to Existing Policies for Abstract GC

Table 3.3 compares (=t ) to other approaches to abstract GC. On one end of

the spectrum, there is (=), which never applies abstract GC. On the other end,

there is (S5

cpstak
diviter
divrec
destruc
triangl
puzzle
takl
browse
boyer
deriv
dderiv
collatz
gcipd
primtest
rsa
nqueens

Table 3.3:

T

), which applies abstract GC on every evaluation step. An interesting
tradeoff is made by (= rcra), which applies GC before every store join.

(_>) H}\) (_>FCFA) (—>arc++)

t 7#s t #s t #s t #s
6 355 30 165 14 179 3 165
23 175 44 162 28 163 19 162
14 219 30 145 23 153 16 145
233 148 8 336 390 10 468 48 006 4253 63 235 825 48 006
oo >4 165 359 2157 2 696 2 248 2 905 1981 2 696
0o >83 640 660 21 895 109 420 26 212 374 231 2 623 109 420
123 829 7 077 844 36 352 188 551 22 163 255 763 2705 188 551
0 >5 597 675 0 >1 605 720 oo >1 891 118 o >2 309 698
oo >6 502 235 oo >316 535 oo >1 696 189 0o >10 363 208
o >78 223 109 0o >6378 232 oo >11 565 814 co  >27 055 217
0o >66 122 960 0o >4 444 925 oo >12 020 387 0o >33 565 445
5 607 5 60 6 159 <1 60
9 1098 9 91 5 147 <1 91
15 047 1084 531 204 1537 173 3 622 11 1537
10 544 625 795 211 1538 145 2 793 14 1538
791 837 48 699 676 8 859 40 375 5410 59 717 769 40 375

Comparison of time taken in milliseconds (t; lower means better per-

formance) and number of states explored (#s; lower means better pre-
cision) by an abstract interpreter for different approaches to abstract
GC. A time of co means that the benchmark exceeded the time limit
of 30 minutes; in this case, we report the number of states explored

when the timeout was reached.
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Comparison of Precision. Our results confirm the findings of previous work [106,
107, 45, 59]: abstract GC reduces the state space to explore substantially. Looking
at the number of explored states in Table 3.3 reveals that the interpreter without
abstract GC using (=) has the lowest precision for every benchmark compared
to all other approaches. The interpreter using (Srcpa) sacrifices some precision
by invoking abstract GC less frequently than (=g). It explores more states than
necessary because it is not garbage-free, which is the most noticeable on more
complex programs such as destruc, puzzle, takl and nqueens.

Our approach, (arc++), achieves the same optimal precision as (=). As we have
proven that both transition relations are garbage-free and equivalent (cf. The-
orem 9), they explore the same number of states.
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Figure 3.7: Comparison of overhead measured in time spent on GC per state
(lower is better). Error bars indicate the standard deviation of the
mean of our measurements (for 30 runs). Note the usage of a logar-
ithmic scale on the y-axis.

Comparison of Performance. Figure 3.7 compares the overhead of abstract GC
for (55), (5rera) and (Farct+). The (=) interpreter does not suffer such over-
head. However, without any abstract GC, its state space becomes polluted (lead-
ing to repeated exploration of equivalent states) and explodes (due to infeasible
paths). It exhibits the worst performance.

The overhead of abstract GC is an issue for (5g). It is clear that a tracing GC
application is generally more expensive than a single evaluation step. Applying
tracing GC after every step leads to the interpreter’s running time being domin-
ated by that of the GC applications. This is pronounced on complex benchmarks
that require larger heaps such as boyer: since tracing GC needs to traverse the en-
tire heap, the overhead grows with the size of the heap. For the boyer benchmark,
the interpreter using (Farc++), which explores the same state space as (Zg) for
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all benchmarks, explores 10.4M states before timeout, whereas with the excessive
GC overhead of (<), it can only explore 317K states with the same time limit.
While the garbage-freeness of (/—\>f) significantly improves overall performance of
(=) by reducing the state space, it is not as fast as (Sarct+) due to the higher
overhead. In Figure 3.7, for all benchmarks the overhead of (=) differs from
that of (Zact+) by orders of magnitude, which results in significant performance
improvements in Table 3.3 while exploring the same number of states. The trans-
ition relation (< rcra) avoids this overhead of (=) by applying abstract GC less
frequently. As such, its overhead is significantly lower than that of (/—>\f) For
nearly all our benchmarks, this results in a performance improvement over (Sg),
despite having to explore a larger state space. Note that (Spcpa) is no longer
garbage-free and explores more states than necessary. For instance, on the puzzle
benchmark it explores more than 3 times as many states as (Sarct+4). In addi-
tion, Figure 3.7 reveals that the overhead remains considerably higher than that
of (Sarc++)- This can also be seen in the benchmarks that time out, where the
difference in states explored is significant compared to (=) and even (Sarct+)-
In particular, the boyer benchmark also shows that (= pcga) still scales poorly
towards larger heap sizes, an inherent downside of tracing GC (due to the need
to traverse the entire heap). Since both overhead and number of states explored
are higher than for (=,.c4+), the overall performance is worse.

In general, when determining an application policy for abstract tracing GC, sac-
rificing garbage-freeness for increased performance implies lower precision. Using
abstract reference counting with (=, ) gives the best of both worlds. Its low
overhead is not detrimental to performance: although there is definitely some
overhead compared to (=), it is consistently lower than all other approaches that
actually apply abstract GC. Compared to the equivalent transition relation (Sg)
with optimal precision, overhead is reduced by orders of magnitude. The overall
performance of the triangl benchmark is an exception to the rule: even though the
GC overhead is greatly reduced when using (—Farc4++), its running time is mostly
dominated by expensive evaluation steps, but even in this case none of the other
interpreters outperform (). Since (Sarct+) achieves the optimal precision,
overall performance is not impacted by the exploration of spurious states. Hence,
our experiments show that (S a4+ ) is superior both in terms of precision and
performance, as it achieves the best result in both for all benchmarks.

3.5 Related Work

The focus of this chapter is a more efficient approach to abstract GC. It relates
to previous work on both concrete and abstract GC, discussed further below.
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Reference Counting. Our approach is based on the original formulation of refer-
ence counting [30], without any common optimisations [144] such as deferred [41]
and coalesced [94] reference counting or “lazy freeing” [21]. These optimisations
postpone the reclamation of garbage, which decreases overhead for a concrete
interpreter, but inhibits garbage-freeness for an abstract interpreter.

We perform abstract reference counting at the level of SCCs, so that garbage
cycles can be reclaimed. For concrete reference counting, two major techniques
have been proposed to handle cycles: using a back-up tracing garbage col-
lector [179] and trial deletion [29]. We deem both too expensive for frequent
applications during abstract interpretation, which is required to maintain
garbage-freeness. Nevertheless, it could be interesting to investigate a variant
of abstract reference counting where abstract tracing GC is applied at the
evaluation steps that might render a cycle into a garbage cycle. In the concrete,
this has been shown [98] to occur when a memory location loses some, but
not all of its incoming references. Alternatively, a pre-analysis as in [10] could
identify the structures guaranteed to be acyclic beforehand. Concretely, for
our approach, this could avoid the need to apply cycle detection (Algorithms 1
and 2) for such structures, potentially further reducing the overhead of (S act+),
if the pre-analysis itself is cheap enough.

Confusingly, the term “abstract reference counting” has been used with differ-
ent meanings. Hudak [68] formalises reference counting for a concrete interpreter.
After abstraction, he obtains a static analysis that approximates the concrete ref-
erence count, enabling program optimisations [69, 116] and compile-time GC [79].
The analysis exemplifies static analysis of reference counting, rather than static
analysis with reference counting for the purpose of improving precision and per-
formance. Finally, Jones et al. [78] use the term to abstract over the low-level
details concrete implementations differ on.

Tracing Garbage Collection. The main shortcoming of tracing GC is that it
requires frequent heap traversals to keep the abstract interpreter garbage-free.
Various techniques exist for concrete interpreters to avoid the correspondingly
long GC pauses and to improve their throughput. Incremental algorithms, such
as Baker’s incremental stop-and-copy algorithm [12], only remove garbage lazily,
and can therefore not be used in our setting. Moreover, they would need to be
redesigned for abstract interpreters which do not always allocate a fresh address.
Generational algorithms [96] can increase throughput by limiting heap traversals
to the young generations only. However, as garbage also arises in older ones, it
does not suffice to keep the abstract interpreter garbage-free. A full GC would be
required to prevent precision losses for reallocated addresses in the old generation.
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Abstract Garbage Collection. The I'CFA analysis [106, 103, 107] pioneered the
concept of abstract garbage collection for the analysis of dynamic, higher-order
languages using AAM-like abstract interpreters. The term “garbage-free” was
later coined in [168] to describe an abstract interpreter that applies abstract GC
at every evaluation step, eliminating all garbage. Similar to our own work, 'CFA
also incorporated abstract counting to allow for strong updates, as this technique
synergises well with abstract GC (cf. Section 2.3.3).

Notably, both abstract GC and abstract counting were already used in earlier
work by Jagannathan et al. [71] for the analysis of higher-order languages. Their
analysis computes reachability for each expression (analogous to our function E) a
priori; however, the computation of this reachability information in turn requires
the analysis results (specifically, it requires the store computed by the analysis).
Hence, they first compute an analysis with the most over-approximative (but
sound) reachability information, and then iteratively recompute the analysis with
more precise reachability information, computed using the results of the previous
analysis, repeating this iteration until a fixpoint is reached.!' In contrast, other
work using abstract GC (including our own) typically computes such reachability
information “on-the-fly” during the analysis itself.

We discuss related work on abstract GC for pushdown CFAs in Section 4.7.

Other Forms of Abstract GC. Different forms of abstract GC have also been
commonly used in other dataflow analyses [121], where the technique is often
better known as memory localisation, context projection or framing. The main
motivation for these techniques is that they can be used to efficiently decompose
the analysis of larger programs into the local analyses of smaller components.
These local analyses produce summaries that are reusable, as they are restricted
to the memory footprint that each component operates over. As such, abstract GC
can be considered an enabler for local reasoning and compositional analysis.
Context projection was introduced by Chen et al. [27] as a technique to limit
(i.e., to “project”) the input state (i.e., the “context”) in which a node is eval-
uated to only the parts that were relevant for that node. In this setting, the
primary goal of context projection was not to improve precision, but to decrease
the memory consumption of the analysis and to avoid redundant evaluations for
states that differ only in parts that are not relevant. We measured the impact of
such redundant evaluations as well: 'CFA by design does not lose precision due
to joins with garbage, but still generates more states than necessary, as it explores
states that are identical modulo unreachable store bindings multiple times.

1 One could also stop this iteration before a fixpoint is reached, which would yield a sound, but
over-approximative result.
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Marron et al. [97] perform shape analysis using graph-based models of the heap,
incorporating context projection (adapted for these graph models) to improve
both analysis performance and precision. They point out that in this setting,
applying context projection not only improves reuse of analysis results (and hence
analysis performance), but also avoids precision loss for “recursive procedures that
use a summary representation for multiple out-of-scope references”. The latter
corresponds to the main motivation for our own use of abstract GC — that is, to
avoid the precision loss from joining with out-of-scope (i.e., “garbage”) values.

Other work on shape analysis [135, 60, 125, 182, 70] uses framing as a well-
known technique to improve reuse of previously computed analysis results. Such
analyses are often expressed using separation logic [133], an extension of Hoare
logic that uses assertions to reason over the layout and contents of (an abstraction
of) the heap. At the core of separation logic is the FRAME rule, which can be seen
as a form of abstract GC. The FRAME rule limits the pre- and post-condition of a
Hoare triple for a statement s to only the part of the heap that is accessed by s.

{A} s {B}
{AxF} s{BxF}

[FRAME]

That is, this rule allows “temporarily” collecting unreachable bindings in F', so
that a more localised Hoare triple for s can be reused. By reducing the Hoare
triples to a minimal summary, analysis results can be reused more often in different
contexts with similar sharing patterns, greatly increasing the analysis’ scalabil-
ity [135]. The FRAME rule crucially makes use of the separating conjunction ()
instead of the regular logic conjunction (A) to enforce that the excluded “garbage”
(i.e., F') does not overlap with the part of the heap that is accessed. Similar to
the tracing GC function f, the FRAME rule can be applied at any point, but in
practice is most often applied at a function entry (e.g., as is done in the “local
interprocedural analysis” of [60]). In order to apply the FRAME rule automatically,
frame inference [15] splits the caller’s symbolic heap into the portion required by
the callee and the leftover portion (“the frame”) that is not accessed by the callee.
Bi-abduction [25] extends frame inference with abduction by inferring both the
frame and the anti-frame (containing assertions required by the callee but missing
from the caller’s heap), from which a procedure’s precondition is automatically
derived. The combination of the FRAME rule and bi-abduction has been the found-
ation of the success of Facebook’s Infer tool [26]: bi-abduction ensures that the
Hoare triples of procedures can be derived independently of their callers, while
the FRAME rule enables reusing these local summaries in different call contexts.
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Alternatives to Reachability. As pointed out by Chen et al. [27], abstract GC
need not necessarily be defined in terms of reachability (although they only present
a reachability-based approach as an example to abstract GC themselves).

For instance, Oh et al. [122] eliminate store bindings in their analysis based
on which addresses can be used, guided by a pre-analysis to conservatively ap-
proximate which bindings are never used and can safely be removed as garbage.
This is in contrast to our own approach to abstract GC, which by design is purely
based on reachability. Note that in practice, we enjoy some of the same preci-
sion gains presented by the authors of this work by simply limiting environments
(such as those captured by closures) to include only free variables, resulting in a
smaller root set and therefore a more aggressive form of abstract GC. We have
elided this optimisation from our formalisation for brevity, but integrated it in
the implementation of all abstract interpreters in Scala-AM.

Might et al. [108] proposed a similar extension to abstract GC, named con-
ditional abstract GC, which only keeps bindings in the store that are reachable
and satisfy certain conditions. These conditions (referred to as governors) are
syntactically derived from conditional expressions (e.g., the predicate of an if-
expression). The technique then relies on a theorem prover to determine (and
discard) bindings that would only be used under unsatisfiable conditions. How-
ever, to the best of our knowledge, this form of conditional abstract GC has not
yet been implemented in practice.

Jensen et al. [74] propose lazy propagation to tackle some of the same issues as
abstract GC. The idea behind lazy propagation is to avoid immediately passing all
heap entries to a called function; instead, heap entries are initialised to a special
unknown value, and the real value is only looked up through a special recovery
operation when it is first accessed. As such, non-garbage bindings are determined
according to what is demanded, not what is reachable. The main benefit of lazy
propagation is that — similar to abstract GC — redundant re-analyses due to
irrelevant differences in garbage bindings are avoided. A second benefit is that lazy
propagation can also increase precision: heap entries that remained untouched
(i.e., are still bound to unknown) upon return are restored to their original binding
in the caller’s store, therefore skipping any joins in the callee with values from
other callers. Abstract GC, as discussed in this chapter (and Chapter 2), is not
able to perform this precision optimisation; in Chapter 4, we introduce a form of
stackless GC'[53] that achieves this by temporarily collecting such bindings. Note,
however, that lazy propagation never permanently collects garbage bindings, and
therefore misses out on the core precision benefits of abstract GC.
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Lazy propagation is used in the TAJS analysis framework for JavaScript [73, 74],
which also applies abstract GC at every function exit'?. Due to lazy propagation,
abstract GC in TAJS does not have access to all references of the callers of the
current function invocation (and therefore, the full GC root set), and cannot
directly traverse the entire heap. Therefore, it conservatively treats every binding
that may have already existed upon the entry of the function (that is returned
to) as part of the GC root set. Abstract GC then only collects bindings that
are guaranteed to have been allocated during the current function invocation.
Interestingly, this also results in a more lightweight form of abstract GC, as it
only needs to traverse the part of the heap that is explicitly represented (i.e., not
unknown) for the current function invocation. The downside is that because of
this, not all garbage bindings can be eliminated immediately (more precisely, they
can only be reclaimed when returning to a function invocation during which they
were allocated). Therefore, this form of GC does not achieve garbage-freeness in
general (regardless of how often or when abstract GC is applied), and does not
avoid as many precision losses as a full tracing GC. Such a precision loss can occur
when a new binding is allocated at the same allocation site as a garbage binding
(allocated before the current function invocation) that was not yet collected.

Alternatives for Improved Efficiency. We have surveyed related work for differ-
ent application policies of tracing abstract GC that aim to balance its benefits
with its overhead (cf. Section 3.1.1). Similar to our own work, other efforts have
also been proposed as alternative strategies to reduce this overhead.

In Knauel’s abstract interpretation framework [88], the overhead of tracing GC
proved performance-detrimental on complex programs. The proposed solution is
a global garbage collector which collects garbage for multiple states at once with a
shared, global root set. Of course, this sacrifices many of the precision benefits of
abstract GC, as the larger root set results in fewer bindings that can be collected.

For the analysis of Python programs, MOPSA [112] uses an alternative form
of abstract GC, which the authors describe as a form of tracing GC. Their im-
plementation, however, differs from that of a traditional tracing GC algorithm:
instead of computing the set of all transitively reachable addresses from some root
set, the GC algorithm of MOPSA computes the set of all addresses still reachable
from another abstract value in the heap (subsequently reclaiming all addresses not
in this set). This approach does not immediately collect all garbage, as addresses
reachable from garbage values are also included in this set. However, repeated

12Neither [73] nor [74] mentions when abstract GC is applied. Instead, we extracted the GC
application policy of TAJS directly from its current implementation (https://github.com/
cs-au-dk/TAJS, commit 3bdf55a), in which lazy propagation is enabled by default.
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applications of the garbage collector can remove more garbage (i.e., their GC
algorithm is not idempotent), as addresses reachable only from addresses that
have been reclaimed in a previous application of GC are collected in the next
application. Abstract GC in MOPSA therefore shares similarities with abstract
reference counting: addresses are reclaimed when they are no longer referenced by
other addresses in the heap (i.e., when their reference count drops to 0). Unlike
reference counting, MOPSA’s GC algorithm still requires heap traversals and fre-
quent applications to reclaim all (non-cyclic) garbage (whereas abstract reference
counting immediately propagates decreasing reference counts as addresses are re-
claimed). Similar to naive abstract reference counting (without cycle detection),
abstract GC in MOPSA also cannot reclaim garbage cycles.

To our knowledge, no prior work has employed abstract reference counting as a
more efficient approach to garbage-free abstract interpretation, despite reference
counting being mentioned as future work in [106]. Bergstrom et al. [16, 17| employ
a primitive form of reference counting as a cheaper alternative to full abstract GC.
Their control flow analysis (CFA) (which does not make use of an explicit store
component) tracks for every variable if it has been captured by the lexical envir-
onment of another closure; if not, this variable can safely be collected once it goes
out of scope. Compared to our approach, this corresponds to abstract reference
counting with reference counts from N= {0,1,00}. We have shown that such an
approximation is unnecessary, as the precise reference count can be maintained
without having to increase the complexity of the state space.

Alternative Abstract Interpreter Designs. We present abstract reference count-
ing in a minimal setting using the AAM approach to abstract interpretation pro-
posed by Might et al. [168, 105]. Therefore, we elide common optimisations to
AAM (such as those proposed by Glaze et al. [58]) and do not consider any
of its variations (e.g., Abstracting Abstract Control (AAC) [57], P4F [56]), al-
though our approach remains applicable in such settings as well. An advantage
of AAM is that it is a systematic method for the design of a wide variety of
analyses, which is applicable to programs with highly dynamic behaviour (e.g.,
higher-order programs with mutable state). The performance and precision im-
provements brought by our work should therefore carry over to such analyses.
Moreover, we argue that the concepts behind abstract reference counting are
sufficiently general to support its incorporation in other existing analyses that
already make use of abstract tracing GC.

We discuss related work on the integration of abstract GC with pushdown
analysis [45, 59], as well as the integration of store widening, later in Chapter 4.
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Incremental Cycle Detection. To reclaim garbage cycles, our approach detects
cycles as references are added to and removed from the store. We implement
such incremental cycle detection using a simple backward search, which has sub-
optimal worst-case performance in theory. More advanced algorithms have been
proposed [136, 61, 14] with better asymptotic performance. Note that such al-
gorithms need to support both the insertion (upon extending the store) as well
as the deletion (upon strong updates and GC) of edges in the graph, which often
worsens theoretical performance bounds. Empirical evidence also suggests [148]
that more complicated algorithms do not always perform better in practice. In-
deed, in Section 3.3 we argued that backward searching usually works well for an
abstract interpreter, and we verified this empirically in Section 3.4 on our bench-
mark suite. Nevertheless, it would be interesting to explore whether other, more
efficient incremental cycle detection algorithms can be used here instead.

3.6 Conclusion

We have introduced abstract reference counting as a more efficient approach to
abstract garbage collection. Existing approaches are based on tracing GC, which
is non-continuous in nature, and therefore need to trade off either precision or per-
formance to strike the balance between the benefits and overhead of abstract GC.
Our approach based on reference counting, in contrast, requires but minor book-
keeping. It results in a garbage-free abstract interpreter that is as precise as one
that applies tracing GC at every step — in the absence of cycles.

However, we showed that cycles are a major threat to the garbage-freeness of
abstract reference counting. Next to those arising under concrete interpretation,
the address allocator of an abstract interpreter can create many artificial cycles.
We proposed a cycle detection algorithm as a solution, maintaining the reference
counts at the level of the strongly connected components in the stores. This
enables the reclamation of garbage cycles, which is necessary to make abstract
reference counting garbage-free so that it can achieve the optimal precision.

In terms of precision, our experiments confirm our claim on the garbage-freeness
of the abstract interpreter, showing that it achieves the optimal precision for
abstract garbage collection. In terms of performance, abstract reference counting
— even with cycle detection — greatly reduces overhead relative to tracing GC
by avoiding frequent heap traversals. Without sacrificing any precision, it can
therefore realise significant performance improvements for an abstract interpreter.
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4 Delta Store Semantics

Both the precision and performance of abstract interpreters can be greatly im-
proved through the integration of abstract garbage collection. In Chapter 3, we
integrated abstract GC into a small-step “AAM-style” abstract interpreter with
local stores. Unfortunately, abstract interpreters with such designs often face
inherent limitations to scalability. Abstract GC does not immediately appear
compatible with big-step “pushdown-style” abstract interpreters (or definitional
interpreters), as these do not immediately allow recovering all references from
the stack, which are needed as part of the GC root set. However, such big-
step abstract definitional interpreters are often preferable over their small-step
counterparts, as they offer important advantages in terms of both precision and
performance. Attempts to integrate abstract GC into these interpreters either
fail to deliver the optimal precision and performance benefits of both abstract
GC and pushdown-style control flow, and/or require complicated modifications
to the abstract interpreter. In addition, the lack of global store widening, which
is incompatible with abstract GC, further impedes scalability.

In this chapter, we present delta store semantics (DSS), offering a novel yet
simple approach to integrate abstract GC into big-step abstract interpreters that
fully exploits “the best of both worlds” in terms of analysis precision and perform-
ance. DSS makes a simple change to the standard big-step language semantics,
returning a delta store (representing changes to the original store) instead of an
updated store. Because of this change, we can augment DSS with a single eval-
uation rule to interleave abstract GC into its semantics. Importantly, we show
that DSS not only preserves the advantages of big-step abstract interpreters and
abstract GC, but in fact can exploit greater precision benefits with abstract GC
compared to an equivalent small-step abstract interpreter with abstract GC (such
as those of Chapter 3). We formulate this claim as a theorem, for which we provide
both a mechanised proof in Rocq (for programs without mutable variables), as
well as empirical evidence. Finally, we propose a new form of store widening for
DSS, which tackles the scalability issues of abstract interpreters employing ab-
stract GC without store widening. The result is similar to the traditional notion
of flow sensitivity in data flow analyses.
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4.1 Motivation

The AAM-based abstract interpreters of Chapter 2 and Chapter 3 are designed
as abstractions of the small-step semantics of Aanyp. These operational semantics
directly model (an abstraction of) the execution of an evaluation using a
continuation-passing style (CPS), and thus also require an explicit abstraction of
the continuation component of the interpreter (i.e., “the (control) stack”).

In contrast, an abstract interpreter can also be designed as an abstraction of
a definitional interpreter [132] using the language’s big-step semantics. These
big-step semantics (also referred to as the natural semantics), formulated
as simple recursive evaluation rules, are often easier to express. Notably,
they do not explicitly model the continuation, and instead rely on the underly-
ing continuation of the host language (or formalism) for recursive evaluation rules.

Abstract GC has frequently been integrated into abstract interpreters that
employ small-step operational semantics [106, 105]. In contrast, for abstract
definitional interpreters that employ big-step definitional semantics, this integ-
ration is inherently more challenging. The reason stems from the lack of an
explicit continuation component. A direct application of GC requires access to
the continuation to ensure that all addresses that are reachable therefrom are not
accidentally reclaimed, as they might still be needed later on. That is, addresses
reachable from the continuation are traditionally part of the GC root set.

Yet, at the same time, the lack of an explicit continuation on its own brings
about key benefits to the precision and scalability of the abstract interpreter.
These benefits are widely recognised under the umbrella of pushdown control flow
models [44, 56]. It should come as no surprise that various attempts [40, 45, 53]
have been made to combine the benefits of such models with the benefits of ab-
stract GC, aiming to realise “the best of both worlds”. Unfortunately, these
attempts often fall short of that promise, sacrificing some benefits of both ab-
stract GC and pushdown control flow to enable their co-existence. Another issue
is that these existing approaches overcomplicate the underlying machinery of the
abstract interpreter, requiring significant engineering efforts and rendering formal
reasoning about the interpreter’s abstract semantics more challenging.

4.1.1 Goal: The Best of Both Worlds

Both abstract GC and the pushdown control flow of abstract definitional inter-
preters offer significant precision and performance improvements.

Recall that, for abstract GC, we can enumerate the following advantages:
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Avoiding Garbage-Induced Imprecision. An abstract interpreter introduces im-
precision by joining different values that are allocated at the same address. Ab-
stract GC can prevent some of those precision-detrimental joins: by freeing up
addresses that are unreachable, it prevents future allocations at those addresses
from having to join the newly allocated value with the old “garbage values”.

When using abstract counting (Section 2.3.3), abstract GC can also prevent
counting dead bindings. That is, by removing garbage, the abstract counts get
reset to 0, and therefore only increased to 1 (instead of oo) upon the next al-
location. Lower abstract counts improve precision by allowing for more strong
updates (which in turn may result in more garbage being collected).

Garbage Irrelevance. Another advantage of abstract GC relates not directly
to the interpreter’s precision, but to the scalability of the underlying fixpoint
algorithm. Specifically, by removing garbage from the heap, the state space
explored by the abstract interpreter becomes smaller (i.e., the abstract interpreter
only needs to explore the subset of the state space where all garbage is removed).
This causes the interpreter to more frequently end up in the same states, allowing
the reuse of previously computed analysis results for such states. In contrast,
without abstract GC, the interpreter often has to analyse multiple states that are
equivalent, but not equal, as they differ only in unreachable (garbage) bindings
(i.e., for two states ¢; and ¢ where ¢ # & but f‘(fl) = f(ég))

We refer to the examples and results in Chapter 3 to illustrate the impact
of these benefits. Only an interpreter that is entirely garbage-free (i.e., eliminates
all garbage immediately) enjoys the full benefit of both these advantages.

Similarly, we can enumerate the advantages that are inherent to the push-
down control flow of big-step abstract interpreters.

Perfect Stack Precision. The big-step semantics of abstract definitional inter-
preters no longer model the continuation (i.e., “the stack”), and instead rely on
the underlying continuation of the host language (or formalism) for recursive eval-
uation rules. Since the continuation is no longer modelled in the semantics, an
abstraction of these semantics no longer requires an abstraction (i.e., approxim-
ation) of the continuation either. Such an abstraction of the continuation would
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otherwise cause imprecision in control flow, incorrectly matching callers and re-
turns.! In contrast, the pushdown control flow of abstract definitional interpreters
entirely avoids this precision loss, resulting in “perfect stack precision” [40].

Context lrrelevance. Germane et al. [53] point out that big-step semantics,
such as those of abstract definitional interpreters, also enjoy the benefit of context
irrelevance. Analogous to garbage irrelevance, context irrelevance ensures that
states are not differentiated based on their continuation component (i.e., their
“context”). Therefore, when the same evaluation state is encountered in multiple
contexts, the analysis results for that state can be reused in every context,
improving scalability (i.e., for two states ¢; and ¢, that are only different because
&"361 #* 6;@52 or dké1 =+ &;% ). The rationale is that just as garbage is not relevant to
the evaluation of a current state, in many languages the continuation component
also does not contribute to the result of an evaluation. Of course, the latter
assumption does not hold when, for instance, first-class continuations are used.

We refer to examples in [44, 45] to illustrate the impact of these benefits.
The downside of big-step abstract interpreters is that they cannot directly
support first-class continuations (such as those captured by call/cc), as they
do not explicitly model the continuation component (and instead inherit it
implicitly from the defining language). It is known that a CPS transform-
ation of the program under analysis can be used to support such language
features [120, 51, 139, 171] by turning continuations into ordinary closures.
However, doing so would give up the advantages discussed in this section for
the transformed code: context irrelevance would break as evaluation states with
different continuations would no longer be equal, perfect stack precision would
break when multiple continuation closures are allocated at the same address, and
stackless GC (see below) would break as the continuation closure’s references
are again included in the GC root set. We describe an alternative strategy to
integrate first-class continuations that avoids these limitations in Section 6.3.

In this chapter, we show that the combination of abstract GC and the
pushdown control flow of abstract definitional interpreters can not only keep the
advantages of both techniques, but can in fact do even better than “the best of
both worlds”. That is, we identify an additional benefit that can be exploited by
abstract GC when applied to abstract definitional interpreters:

'n general; there exist variations on AAM, such as AAC [57] and P4F [56] that can recover
perfect stack precision by using a sufficiently precise allocator for continuation addresses,
albeit at the cost of increased analysis complexity, engineering and/or configurability. Recent
work has also shown that m-CFA can exhibit perfect stack precision [51].
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Stackless Abstract GC. As exemplified by the work of Germane et al. [53], ab-
stract GC for big-step abstract interpreters can soundly reclaim addresses that are
still reachable from the (implicit) continuation for recursive evaluations, restor-
ing these bindings afterwards when the continuation is executed. That is, such
“stackless abstract GC” does not take references from the continuation into ac-
count, resulting in a smaller GC root set, and therefore also a more aggressive form
of abstract GC (and therefore in turn amplifying its aforementioned advantages).
We can illustrate this using the following Scheme program as an example:

(define (f n)
(if (even? n) (/ n 2) (let [(r (f (+ n 1))] (+ r n))))
(f 5)

For a context-insensitive abstract interpreter without abstract GC, the recursive
call to £ would allocate the argument (+ n 1) at the same address for the para-
meter n as the original argument 5, therefore joining both values at this address
and losing precision. However, when abstract GC is applied to a small-step ab-
stract interpreter with explicit continuations (e.g., & la AAM), this precision loss
would also not be avoided. The reason is that n is still reachable by the continu-
ation (which will bind the result to the variable r and then calculate the sum of
r and n) when the recursive call to £ happens, and therefore its corresponding
address cannot be reclaimed. In contrast, when stackless abstract GC is applied
to a big-step abstract interpreter, references from the stack do not contribute to
the GC root set (i.e., only addresses reachable from the current environment are
preserved). As such, n is not kept in scope, and its address can be reclaimed
before it is reallocated for the recursive call to £, avoiding this precision loss.

4.1.2 Approach: Delta Store Semantics

In this work, we present delta store semantics (DSS), a new formalism to integrate
abstract GC into abstract definitional interpreters, exploiting all the aforemen-
tioned advantages. DSS closely resembles the original big-step abstract semantics,
with the only difference being that it returns a delta store (containing all changes
to the original store) instead of directly returning an updated store as part of the
evaluation result. This modification opens up two interesting opportunities:

e It enables a simple and efficient integration of abstract GC into the big-
step abstract semantics (similar in spirit to the effect logs of Germane et
al. [53, 54]). That is, when abstract GC is enabled, the delta store that
is computed represents changes w.r.t. a minimal, garbage-collected store.
Subsequently, one can replay those changes on a non-garbage-collected store,
where the bindings that are necessary for the continuation are still present.
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e A delta store is a more efficient, minimal representation for the result of
an evaluation compared to the full updated store. Just like regular stores,
delta stores are joinable. We propose a novel form of store widening for DSS,
which still allows for strong updates and (limited) abstract GC. Such store
widening involves joining the results of evaluations at the same program
point, which is more efficient using delta stores (as we only have to join the
changed bindings instead of the entire stores).

These two opportunities form the outline for the core of this chapter. Section 4.3
presents the big-step abstract semantics with delta stores; Section 4.4 and Sec-
tion 4.5 show how abstract GC and flow-sensitive store widening can be integrated
into this semantics, respectively. We evaluate the impact of both in Section 4.6.

4.2 Abstract Definitional Semantics of A\anr

Similar to how the Abstracting Abstract Machines (AAM) approach [105] sys-
tematically derives an abstract interpreter from the operational semantics, the
Abstracting Definitional Interpreters (ADI) approach [40] systematically derives
abstract interpreters starting from the definitional semantics. We follow the ADI
approach and formulate the abstract big-step (definitional) semantics of Aanf,
equivalent to the abstract small-step semantics of Aanp presented in Section 2.3.
We also follow the approach originally proposed by Darais et al. [40] to integrate
abstract GC into these semantics, and in doing so point out why the proposed
approach falls short of the aforementioned “best of both worlds” objectives.

Evaluation Rules. For an abstract definitional interpreter, the semantics are
formulated as recursive evaluation rules using a big-step relation (ﬂ) - (ﬁﬁg X
Result. We define input configurations to evaluate (C?rﬁg) and the result of the
evaluation for that configuration (Im) as follows:

conf € Config = Exp x Env x Store x Time 7es € Result = Val x Store

A configuration (e, p,4,) contains an expression e to evaluate using the envir-
onment p, store & and the current timestamp #. In contrast to states in f], con-
figurations crucially do not carry a continuation component (i.e., a continuation
store 6y, or address dy), which is key to achieve context irrelevance (as configur-
ations with the same expression, environment, store, and timestamp but used in
different evaluation contexts are still considered equal) and avoids a loss in stack
precision (since there is no need to approximate this component). The result of
an evaluation (9,6") holds the resulting value ¢ along with the updated store &'.
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We define the big-step evaluation relation (ﬂ) as the minimal relation closed over
the evaluation rules shown below. Instead of working with explicit continuations,
the evaluation rules now employ recursion. As with the small-step transition
relation (=), there is nondeterminism due to the over-approximating behaviour.

@)
/\

a=px) 0=Aaep,6) 6 = update(s,a,d)

_ [E-SET]
(setx = ae, p,6,1) | (9,6")
(f,) = A(f, b, &> 0, = A(ae,p,6) (M, p) € f
= (f, t) ag = alloc(z, )
(e, 7/l ], extend (s, 0, 00), ) b9 [E-APP]
(f(ae),p,6,0) | (0,0")
(o, i) = Alaer, p,6) (-, 7o) = A(aes, ,5)
0 = (0, Z(op, 71, 72)) [E-BINOP]

<0p(aela ae2)> p,0, £> ﬂ’ <’07 6>

<€1)ﬁ7& tA> ll @Ia A/> g = aIIoc(x,ﬂ
(e9, plx +— Gg), extend (6, Gy, Dp), ) | (0,6")

<Ietx—ellneg,p,U@U< I>

Note that strong updates are already supported in these semantics, since we are
reusing the abstract-counting definitions of extend and update from Section 2.3.3.

Abstract Garbage Collection. For the small-step abstract interpreter, we com-
puted the GC root set for the current state ¢ using the addresses directly reachable
from the control component (’TCOhtmI
component (@) (Section 2.3.2). For the abstract definitional interpreter presen-

ted here, we do not have access to the latter (or the continuation store ), as the

(é2)) and the current root of the continuation

continuation component is not explicitly reified. Nevertheless, addresses reach-
able from the continuation cannot just be ignored: if they are not included in the
GC root set, addresses that are used later on may accidentally be collected. The
updated store 6" of an evaluation step (e, p, &, ) U (0,6") would then no longer be
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safe to continue evaluation with. For instance, in the E-LET rule, it is crucial that
the updated store 6’ (returned after evaluating e1) preserves all original bindings
reachable from p, so that it can safely be used to evaluate es.

In order to address this, Darais et al. [40] show how abstract GC can still be
integrated into an abstract definitional interpreter by explicitly passing along all
addresses reachable from the implicit continuation (i.e., all addresses that need to
be preserved, as they may be used after the current evaluation step). Concretely,
this requires passing along a set of addresses 1& in each configuration:

conf € Config = Exp x Env x Store x Time x P(Addr)

Incorporating GC into the evaluation rules then requires two modifications:

o Each recursive evaluation step passes along the set of stack addresses z/A) that
need to be preserved, along with additional addresses that are still needed
to continue with the remaining evaluation steps in that rule. The latter
corresponds to the addresses that would previously be directly reachable
from the continuation (i.e., using ﬁ/o;t) allocated in the corresponding rule
of the small-step semantics. Due to our simplification to ANF, the only rule
with multiple recursive evaluation steps is the E-LET rule; addresses still
required for the second evaluation step (in this case, 72/’;/ (p)) are therefore
added to @Z for the first evaluation step. As the second evaluation step is
also the final one (i.e., ey is evaluated in tail position, so it does not grow
the implicit continuation), no additional addresses need to be preserved.

« We add a new rule to collect garbage: for a configuration (e, p, &, , @, it uses
YU 7;/”\\/ (p) as the root set to GC the store that expression e is evaluated
with, and subsequently also cleans up the updated store 6’ of the result
(9,6") using the GC root set ¢ U ’7’\7;'(@).2 To interleave this GC rule with

the existing evaluation rules, we introduce a new relation (ﬂr)

2Note that we are able to collect more garbage here compared to the original work of Darais et
al. [40], as we GC not only the result store, but also the configuration store.
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Subsequently, we modify the other evaluation rules to use (ﬂr) instead of ({})
for recursive evaluation steps. This effectively results in the big-step equi-
valent of the “GC at every step” policy used in (=) (Section 2.3.2).

The updated evaluation rules are shown below:

b= A ae, p, 0
( — ) [E-ATOM]
<ae7ﬁ767t7 1/} > \UJ <®’6->
a=plx @zflae,A,A ”:lJ/ci;eA,a,@
plx) (ae, p, 5) & =ue (6,a,0) E-Spr]
(setx := ae, p,o,t, ¥ ) | (0,6")
(f,) = A(f,p,6) 0. =Alae,p,5)  (Me,p) € f
t' = tick(f, 1) a = alloc(z, 1)
(e, > da], extend (&, g, 00), &', ) g (0,67
— [E-APP]
(f(ae), p, 6,1, ) | (9,6")
(- ﬁl) = A(aelﬂ P &)A (*7 ﬁQ) = A(ae% P 6)
b= (0, Z(op, hy, 0
(@, Z(op 1A 22) [E-BINOP]
(op(ael, an)v A)a-ata ,(p > ‘U <@7a->
(e1,p,6,8, DUT=(p) ) I (0,,6") = alloc(z, £)
(€9, pla — ), extend (6, g, 0,), 1, ) I (8,6")
— [E-LET]
(letx =eyines, p,6,t, ) | (0,6”)

While this approach can safely collect garbage to improve precision, it still loses
out on the full advantages of both abstract GC and pushdown control flow:

o First, the abstract interpreter no longer enjoys context irrelevance. While
the continuation itself is not directly part of a configuration, the set of ad-
dresses that are reachable from the continuation are. Configurations that
only differ in the context in which they are used (i.e., they have different con-
tinuations), and that would otherwise be equal, may therefore be analysed
multiple times by the analysis (i.e., when the set of reachable addresses @ZA)
is also different, leading to multiple configurations).
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e Second, the abstract interpreter cannot take advantage of the pushdown con-
trol flow to collect more garbage (i.e., it does not allow for stackless GC).
The reason is that it cannot reclaim any bindings reachable from the con-
tinuation (as these are kept alive by LZJ), even though these are not actually
used for the current evaluation step. An optimal approach would be able to
more aggressively collect garbage using a smaller root set (i.e., without 1[1),
only adding back the bindings reachable from 1[} after the evaluation step to
construct the updated store to continue evaluation with.

Program Semantics. As with the small-step semantics, we can define a function
eval : Exp — P(Val) that returns all possible return values:

eval(e) = {0 | 36 : (e, [}, L, 0, 0) Uy (0,6)}

For now, we only define the program semantics declaratively, and leave open the
algorithm used to actually compute them. We refer to the work of Darais et
al. [40] for a (simple, but inefficient) cache-based fixpoint algorithm to compute
the (finite) big-step relation (ﬂr) The same paper also shows how the evaluation
rules can be instrumented to compute the collecting semantics. In Chapter 5, we
propose a more efficient worklist algorithm to compute the least fixpoint.

4.3 Delta Store Semantics

We now present the core foundation of delta store semantics (DSS). DSS closely
resembles the standard big-step semantics presented in Section 4.2. The main
difference is that evaluation now returns a delta store (representing changes to
the original store) instead of the entire updated store.

We first introduce delta stores in Section 4.3.1, along with a set of operations
on delta stores defining how they are joined and composed. We also show how a
delta store can be applied to the original store, in order to reconstruct the updated
store. In Section 4.3.2, we then modify the abstract big-step semantics for Aang,
resulting in an equivalent semantics formulated using delta stores.
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4.3.1 Delta Stores

A delta store captures bindings that were changed with respect to a given store &.
Put differently, it is the subset of the updated store containing all bindings that &
has potentially® been extended or updated with.

Formally, we define delta stores similarly to regular stores:

5 € Delta = Addr — (Val x Count)

The difference is that a delta store is represented as a partial function, since it
only maps addresses that have been modified w.r.t. the original store.
In what follows, we show how delta stores can be applied, composed, and joined.

Application. A delta store 5 , representing changes over an original store &, can
be applied to 6 in order to construct the updated store in which these changes
are directly integrated. Since both stores and delta stores are represented as
functions, we can use the mathematical override operator () for this purpose:

fila) if a € dom(fy)

(fi> f2)(a) = fola) if a ¢ dom(f1) Aa € dom(fs)

That is, we can write 51> 6 to apply the changes of delta store 5 to the original
store 6. Note that the result of this operation is a S/taa, as dom(6) = m, S0
that 6 > & is always a total function Addr — (@ X m) — Store. A lookup in
this store will first look for the address in the delta store 5, and for unchanged
bindings (i.e., that are not in é) fall back to the original store .

Composition. We also require an operator to combine multiple delta stores that
represent a sequence of changes (e.g., resulting from the evaluation of multiple
expressions in a sequence). That is, given a delta store o (representing changes
w.r.t. a store &) followed by a delta store 5o (representing changes to the result
of &7 > ), we want to be able to combine these changes into a single delta store.

To this end, we can use the same override operator (>) as an operator for
composition. A series of changes represented in order by delta stores 31, 32, - Sn
can then be composed into a single delta store Onb>...>020>01, which (when applied

3A delta store may also contain updated bindings that happen to have the same value as in the
original store &, although this makes its usage slightly less efficient.
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to a store &) will integrate all changes of these delta stores in that same order. Note
that, when applied to two delta stores d; and d9, the result of the composition is
again a delta store (i.e., a partial function) with dom(d20>01) = dom(d1)Udom(d2).

Join. Delta stores are joinable, but only when they represent changes over the
same store &, so that the resulting delta store also represents changes over &.
Therefore, we define a join operator (Us) parameterised over some store 4:

o1(a)Udy(a) if ae dom(y) Ada € dom(ds)
(01 Us 2)(a) = bi(a)ue(a)  if a € dom(5y) Aa & dom(ds)
s(a)Uda(a)  if a ¢ dom(6y) Aa e dom(ds)

Note that dom(d; Uz d2) = dom(d1) U dom(d2). When joining delta stores, it is
important to consider what happens when an address is in one delta store, but
not the other. In this case, we join the binding of the delta store with the binding
of the original store &, since the lack of a binding in the other delta store implies
no change w.r.t. the original store (hence, the original binding is preserved).
The join operator (Us) is useful to handle non-determinism in the abstract
semantics, as the results of multiple program paths (which each include a delta
store) following a non-deterministic choice can be joined together into a single
result. We will make use of this operator later in Section 4.5 when we integrate
flow-sensitive store widening into the abstract semantics using delta stores.

4.3.2 Big-Step Abstract Semantics with Delta Stores for Aang

We now formulate the big-step abstract semantics for Aang using delta stores.
The main difference to the big-step semantics presented in Section 4.2 is that all
modifications to the store are now expressed as delta stores. We first adapt the
auxiliary functions that modify the store, extend and u&i;e, to return a delta
store (with a single change) instead of an updated store.

A

extend(5,a,0) = [a — (g U D,inc(da))]

— [&

A’ 1 f 7l g ]_
update(6, a,0) = (0,1)] if 4

—
[ — (04U D,4q)] otherwise

where (0,4, §,) = 6(a)
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Note that these definitions have remained mostly unchanged. The only difference
is that the change is now expressed as a “portable” delta store, as opposed to
being directly integrated into the store that is extended or updated.

~A
Next, we introduce a new big-step evaluation relation (|} ), which returns a
delta store instead of an updated store as part of the result. That is, we define:

fes € Result = Val x Delta

~A
The updated evaluation rules for ({} ) are given below:

(f.) = A(f.5,6) 0o =Alae,p,6) (\ve,p)ef
P =tick(f,0)  a, = alloc(z, ?) xtend

xr
(e, [z a2, b6 ,7) 17 (8, 8)
X —— [E-APP]
(f(ae),p,6,t) | (0, 01> g )
(*7 ﬁl) = A(a’elapv &) (*7 n?) = A(a’eQapa 0)
0 = ma ZA'- 5 s
o= (op nlAZQ)) [E-BINOP|
(op(aer, aes), p,6,8) 4~ (0, [])
(1,0,6,0) §° (00, &)  6'= 156 = alloc(z, )
By = extend(6', Gipy ) (e2, Pl — ), Sa > 6", D) 1 (0, b3 )
[E-LET]

N A ~ A
(letz=eyines, p,6,t) I~ (D, dg B> 0y > 01 )

When evaluating an atomic expression (E-ATOM) or numerical operation (E-
BINOP), the store is not modified, and hence the empty delta store [] is returned.
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When evaluating a variable assignment (E-SET), a delta store is returned rep-
resenting the update to that variable binding. When evaluating an application
(E-App), the store is first extended with a binding for the argument (represented
by Sx), and afterwards also potentially modified during the evaluation of the func-
tion body (represented by 3) The resulting delta store is therefore the composed
delta store 6 > §,. Similarly, when evaluating a let expression (E-LET), the res-
ulting delta store composes the changes made by the evaluation of the right-hand
side expression e, the binding of the variable z, and the evaluation of the body es.

A

One can show that the abstract big-step semantics defined with ({} ) is equi-

A

valent to the semantics defined with ({}), as stated by Theorem 10.

Theorem 10 Ve, p, 5,6, 0,1 :
(e,p,6,8) I (0,6") <= 36:(e,p,6,0) I~ (0,0)A6'=b>6

Proof. A proof for Theorem 10 can be constructed by induction on ({}) (for the
(=) direction) and on (l}A) (for the ( <) direction). O
Note that Theorem 10 shows equivalence between the semantics of ADI and

DSS. We can thus forgo constructing dedicated soundness and termination proofs
for DSS, as these have already been established for ADI in existing work [40, 83].

4.4 Integrating Abstract GC

We now make use of these new big-step semantics using delta stores to integrate
abstract GC. By using delta stores (instead of returning the updated store), it
is now safe to evaluate an expression using an input store that has been garbage
collected without taking references from the implicit continuation into account
(i.e., they can be GC’d). The key insight is that the computed delta store can
later be replayed on the original store that has not yet been garbage collected,
and in which the bindings necessary for the continuation are still present.

To enable this process, we first introduce such a replay operation for delta
stores in Section 4.4.1. Using this new operation, we then integrate abstract GC
into the delta store semantics in Section 4.4.2. In Section 4.4.3, we show that,
for programs that do not make use of variable assignments, the resulting form of
abstract stackless GC is not just equivalent, but in fact superior to the traditional
form of abstract GC found in small-step abstract interpreters.

4.4.1 Replaying Delta Stores

A key ingredient to allow the integration of abstract GC into the big-step se-
mantics is the replay operation. It transforms a delta store ¢ (which was computed
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using a store where bindings for the continuation may have been collected) into a
delta store & that “restores” the bindings necessary for the continuation (found
in the original store ). That is, it simulates (“replays”) the changes captured
by 5 on 6, computing the changes that would have occurred with respect to &.

To illustrate the purpose of the replay operation, consider an abstract inter-
pretation (with abstract GC) for the following Scheme program:

(define (make-adder n)
(lambda (x) (+ x n)))
(let ((f1 (make-adder 1)))
(let ((f2 (make-adder 2)))
(£2 (£1 0))))

Assuming a context-insensitive allocation policy, the abstract interpreter will
allocate the same address for the variable n (henceforth denoted as @n) in both
calls to make-adder. The first call will return a delta store containing the binding
@n -> 1. This binding can (temporarily) be garbage collected when evaluating
the second call: while it is still necessary for the continuation of that second
call, its evaluation itself does not require this binding. The second call will
therefore return a delta store containing the binding @n -> 2. However, after
returning from the second call, we cannot just continue evaluation using a store
that binds @n to 2. That is, we first need to use the replay operation to restore
the old binding as well, resulting in a store where @n is bound to the join of 1 and 2.

Formally, we define gp_@ : Delta x Store x P(m) — Delta as follows:

(a) if & € dom(d) A @
replay(0, &, A)(a) = { (05 U 05, inc(@s)) ifae dom(@) AaecAA G =1
(06 LU 05, 00 if a € dom(d) Na€ AN g5 =00

Note that replaying a delta store preserves the domain it is defined over (i.e.,
V3,6, A ¢ dom(replay(3,6, A)) = dom(3)).

Function @Ey takes three arguments: the delta store 4 to be replayed, the ori-
ginal store 6 (on which 5 is replayed), and a set A of all addresses in § that were
allocated (i.e., representing (abstractions of) new addresses) during the computa-
tion of §. The case where an address @ is not in A, but is present in b implies that
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the change represents an update to an existing binding (since no new binding for
a was allocated). That is, address @ was not collected, and therefore @ does
not need to restore the original binding of @ in & (as we know that this binding
was still present when the update happened). In fact, preserving 5(&) as 1is is
important to maintain strong updates. In case address a in ) may come from a
new allocation (i.e., @ € A), we join the old value in &(a) with the updated one
in 4(a) (as extend would have done for a new allocation on ). When §; = 1, we
know that & was only allocated once, and hence we increase the abstract count
in 6 by 1 (using |/n\c) When G; = oo, we know that @ may have been allocated
multiple times, so the abstract count becomes oo.

4.4.2 Delta Store Semantics with Abstract GC

We now modify the big-step evaluation relation (lALA) to integrate abstract GC.
In order to do so, we need to keep track of which addresses in B may have been
allocated and which may have been updated. Keeping track of a set of allocated
addresses A is necessary to support the replay operation (see above). Keeping
track of a set of updated addresses U is necessary to correctly collect garbage in
the resulting delta store, which needs to maintain all bindings reachable from the
resulting value and all existing bindings that were updated during the evaluation
(in order to ensure that side effects that happened during evaluation are not lost).
We add these two sets of addresses directly to the result of the evaluation:

fes € Result = Val x Delta x P(Addr) x P(Addr)

Next, we adapt the evaluation rules to integrate abstract GC as follows:

e For each evaluation rule, we trivially construct both A and U as the set
of addresses allocated (resp. updated) directly in that rule, combined with
those allocated (resp. updated) in recursive evaluation steps.

o In the E-LET rule (the only evaluation rule for Aang with a non-tail recursive
evaluation step), we ensure that the delta store computed by the first recurs-
ive evaluation step is replayed, so that the bindings needed for the second
recursive evaluation step are restored. All other recursive evaluation steps
in the evaluation rules do not have an additional (implicit) continuation for
which bindings are to be preserved, and therefore do not require their delta
store to be replayed (doing so would unnecessarily add imprecision).

« Analogous to the integration of abstract GC into ({}) (see Section 4.2), we

add an evaluation relation (ﬂ?) with the following E-GC rule.
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Tge = "'ﬁ(;&)@n;(ﬁ))
L ~AT T s A
A<€,p, ggc,a (2 <U757Aa U>
Sge = 8l .
R(:Sbﬁgc)(‘r\a'(U) Y Use)

Age = AN dom(bgc) Uge ={a € U | Ggc(a) # L}
6 pa @ U’F U 5gC>AgC7Ugc>

That is, rule E-GC collects garbage in both the input store & as well as
the output delta store ) (computing reachable addresses over o> Ogc, as
bindings in the delta store ) may reference those in Gy and vice versa).
It also restricts the sets of addresses A and U: A can be restricted by
only keeping addresses that are actually in Sgc (removing garbage-collected
allocations), and U can be restricted by only keeping addresses that have an
existing binding in the store 64.. The crucial difference with the E-GC rule
of (llr) is that the stores are garbage collected using only the references from
the environment (for ) and the returned and updated values as the GC root
set (for 3) References from the continuation, previously kept alive using
1&, now no longer need to be taken into account, leading to more garbage
being collected and therefore amplifying the benefits of abstract GC. We

~A N
subsequently replace ({ ) with ({5 ) for all recursive evaluation steps, so
that GC is applied at every step.

~A
The resulting evaluation rules for (| ) are given below:

a=plx) 0= Aae,p, &) 6 = update(6, a, 0) B Ser]
<setx—aep,af>U 6 07{A}>
(f, ) =A(fp.6)  0a=Alaep,6) (rep)ef
= tick(f, ) a, = alloc(z, 1) 0y = extend(G, az, Dy)
(e, [z = a), 8- > 6,8 I (0,8, A, 0)

[E-APP]
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(- ) = Alaer, p,6) (- 72) = Alaez, p,6)
b= (0, I(op,nl,ng))

[E-BINOP]
(op(aer, aez), p, & t) U (0,0, 0,0)
(e1,,8,0) U (02,01, A1, Ur) 01 = replay(d1, 6, A1)
5 = 5 iy = alloc(z,f) b, = extend(&’, g, 1)

N ~ A A o ~
<€2,ﬁ[$ = &x]aéaz > 6,)t> U’f‘ <®)527 A2 ) UZ >
AZ/LU{(AIE}UAQ ﬁzﬁlUUQ

— — —— [E-LET]
(letx=erines, p,6,8) ||~ (9,00>0,> 6, A, U)

4.4.3 Comparison to Traditional Abstract GC

It is interesting to compare the impact of our formulation of abstract GC for DSS
with the impact of existing “traditional” abstract GC, as pioneered by Might et
al. for small-step abstract interpreters [106]. Intuitively, we have already estab-

lished that abstract GC in the DSS semantics (i.e., using (@?) of Section 4.4.2)
can be more efficient than abstract GC integrated into the big-step semantics
without DSS (i.e., using (llr) of Section 4.2): being able to omit the continuation
references 1 results in a smaller GC root set and more garbage being collected,
therefore amplifying the beneficial effects of abstract GC.

We now show that the same reasoning also holds for a comparison with abstract
GC in the small-step semantics (as presented in Section 2.3.2) for pure (ANF-style)
A-calculus (i.e., a subset of Aang without variable assignment, which we refer to
as Aangp)- That is, because stackless GC can collect more garbage, the result

~A

obtained through a big-step evaluation using ({1 ) is guaranteed to be at least as
precise as the corresponding result obtained by a small-step interpreter using (/—\>f)
for every program in A,y g. Theorem 11 states this claim more formally*:

~ A A oA ~A PPN
Theorem 11 Ve € Ayup p,6,1,9,0, A, U, 61, a5 : (e, p,6,%) Ip (6,0,A4,0)

*

— 30',67,6, : (ev(e, p,t),6, 6%, ar) =5 (val(v'),6',6y, ar) NO TV
That is, when an expression e evaluates to ¥ (using an environment p, store & and
timestamp f), there exists at least one sequence of evaluation steps for the small-
step abstract interpreter that evaluates the same expression e to a less precise

4We slightly abuse notation and assume that both the small-step and big-step semantics have
been instantiated for A,ye. That is, in what follows, all expressions in the interpreters’
components (including those in closures and continuations) are restricted to A .
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(or equally precise) value 9. We can match the small-step state ¢ evaluating e
with the state ¢’ holding its result 9" by ensuring that aj. = ay,, (i.e., when the
abstract interpreter reaches the same continuation dj again with a return value).

~A ~A

We can prove Theorem 11 using mutual induction on ({ ) and ({5 ). Doing
so, however, first requires generalising this theorem in order to strengthen the
induction hypothesis, resulting in Theorem 12.

Rp =Rz, (Tg,(P): 0gc = 6’73,3’7% =Rz, ) To®

~A A A A «

(e,,6,0) I (0,6, A, U) N (6gc E 80) A(T(S) =) = I = (val(¥), 6er, 61, k)
¢S S A (DT ) A (6w, T ow,) A (Va € dom(3) : 8(a) T 62(a))

A(Va € Ry \ dom(d) : 64e(a) T 60 (@) A (Ro € Rz, (T (8)

The generalisation relaxes the precondition of the implication. That is, the big-
step evaluation may use a store other than the small-step one, as long as it is
equal to or subsumed by the latter. This is necessary to ensure that the induction
hypothesis can be applied in the E-LET case, since the second evaluation step
may use a more precise store after continuing with a more precise result from the
first evaluation step. Likewise, the generalisation strengthens the postconditions,
which now for instance also ensure that the bindings in the resulting delta store
are more precise than the corresponding bindings in the resulting store of the
small-step evaluation. This is again necessary for the E-LET case, because the
second recursive evaluation continues using the delta store produced by the first.

Theorem 11 can now be seen as a corollary of Theorem 12. We elide the proof
of Theorem 12 here for brevity; instead, we have verified this property using a
mechanised proof®, implemented using the Rocq theorem prover.

Discussion. The restriction to Ayye is not arbitrary, as Theorem 11 does not
hold in general for Aanp due to a corner case in the E-LET rule that can arise
with strong updates. Consider the expression let x = ej in eo. After the evaluation
of e1, the E-LET rule assumes that the bindings in the original store & are still
necessary to continue with the evaluation of ey, and therefore replays the delta
store 31 returned from the evaluation of e; on &. However, if 31 contains a strong
update at an address a (i.e., @ € dom(d;)\A;), the old value &(a) is overwritten, so
that addresses previously referenced by that value may have become unreachable.
If §; also contains a new allocation at such an address @' (i.e., @’ € dom(51)N A1),

5The proof is available online (https://zenodo.org/records/16731494) as part of a replication
package.
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E)Ey still joins &;(a’) with this old (garbage) value &(a'). In contrast, the small-
step interpreter using (=g) reclaims @' immediately after the strong update, so
that the new allocation at @’ is not joined with the old value. Note that this only
happens when the evaluation of e; strongly updates a@ and subsequently allocates
a new value at a’. We leave a refinement of the E-LET rule that avoids this issue
(e.g., by first applying GC to & before applying m whenever ¢, contains strong
updates), as well as an adaptation of the proof for Theorem 11, as future work.

4.5 Integrating Flow-Sensitive Store Widening

We now formulate a new form of store widening for the big-step semantics using
delta stores. Without any form of store widening, a fixpoint computation over the
evaluation relation of Section 4.4 might be expensive, or even in some cases not
computable. The store widening we propose is similar to the traditional notion of
flow sensitivity: it solves the scalability issues, while still allowing strong updates
and a limited form of abstract GC. Moreover, it can be efficiently formulated for
DSS, as we have previously shown that delta stores are also joinable (which is
efficient because of their minimal representation).

Section 4.5.1 explains why store widening is necessary to ensure that program
semantics remain computable. Next, Section 4.5.2 shows how the DSS evaluation
relation can be modified to integrate such (flow-sensitive) store widening.

4.5.1 The Need for Store Widening

The program semantics for Aanp expressed in terms of the evaluation relation (ll?)
(Section 4.4) are always computable when Val is chosen to be finite. The reason
is that one can easily show that this assumption renders the relation (ﬂ?) finite,
since both (ir?ig and Result are also finite. However, two limitations remain:

e The relation can still grow very large, as the size/o\f Store alone is exponential
in the size of Addr (i.e., in the order of (’)(|@\|Addr‘)), potentially leading to
many different input configurations that need to be evaluated. In practice,
this usually leads to poor scalability towards larger programs, as the time
it takes for the abstract interpreter to terminate becomes infeasibly long.

e When choosing an abstract domain Val that is not finite (but adheres to the

ascending chain condition, such as CPyyum), the relation (ﬂ?) would also
no longer be finite, and therefore potentially not computable. In practice,
this may lead to the abstract interpreter failing to terminate, preventing
decidability. It is reasonable to expect an analysis to be decidable when the
abstract domain Val adheres to the ACC, even if that domain is infinite.
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Problem: Abstract GC Inhibits Convergence. Without abstract GC (and in the
absence of strong updates), eval I(e) would always be computable for any program e
when Val adheres to the ACC (even when Val is otherwise infinite). The reason is
that the store can only grow over a single execution trace (we say the sequence of
stores is monotonically increasing), therefore eventually converging (as all values
in the store converge, as guaranteed by the ACC). With abstract GC (or strong
updates), this no longer holds. Bindings in the store can be removed (or strongly
updated to a value that does not subsume the original one), and as such there is
no guarantee of convergence in every trace. This requires us to make sure Val is
finite in order to render e/vzl(e) computable for any e.
We can easily illustrate this using the following Scheme program:

(letrec ((f (lambda (n) (f (+ n 1)))))
(f 0))

We assume an abstract interpreter using CPpyyy, for the numerical domain and
a context-insensitive allocation policy (again writing @n for the address of vari-
able n). The first call to £ binds @n to 0. Without abstract GC, the next recursive
call to £ would extend that binding by joining the existing value with 1, resulting
in a configuration where @n is bound to T. Subsequent recursive steps would end
up in the same configuration, therefore allowing the fixpoint algorithm to termin-
ate. With abstract GC, the old binding of @n could be garbage collected before
the store is extended for the next recursive call. As such, the second call would
end up in a configuration where @n is bound to 1, the third one with @n bound
to 2 and so on, resulting in an infinite number of configurations to evaluate.

Solution: Store Widening Recovers Convergence. The classical solution to en-
sure convergence in this setting is to introduce store widening [168]. Traditionally,
global store widening — as described in Section 2.3.4 — has been applied to both
small-step (AAM-based) [168] and big-step (definitional) [40] abstract interpret-
ers. Under global store widening, the stores of all configurations are joined in a
single store. This results in a flow-insensitive analysis, as the abstract interpreter
does not discern different stores at different program points. Unfortunately, global
store widening is incompatible with both abstract GC and abstract counting.

We can, however, choose a middle ground between purely local stores and global
store widening. The store widening we propose for DSS in this section joins stores
of configurations at the same program point. That is, the analysis keeps track of
a single store per program point (being the join of all stores encountered at that
program point). This corresponds to a flow-sensitive analysis. While less precise
than local stores, it is known that flow sensitivity still allows for strong updates,
and as we discuss in Section 4.5.2, a limited form of abstract GC.
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4.5.2 Delta Store Semantics with Flow-Sensitive Store Widening

We now show how this form of flow-sensitive store widening can be integrated into
the delta store semantics with abstract GC of Section 4.4. Doing so ensures that
the evaluation relation (ﬁ?) becomes finite (and therefore computable) whenever
Val adheres to the ACC. This requires the following two modifications:

e We no longer keep the store directly as part of each configuration. That
is, instead of having multiple configurations (e, p,4;,%) (i.e., with the same
expression e, environment p and timestamp #, but different stores &;), we
now only have a single configuration (e, p, ), which gets associated with a
single store | |; 6;. As such, the definition of (fm?g is updated as follows:

cf)ﬁfeCf\nﬁg:Expr/n\vx'ﬁm\e

For a context-insensitive analysis, such a configuration effectively corres-
ponds to a single program point. To associate a smgle store with each con-
figuration, we make use of a map =, (m — Store. The store = Seg (COnf)
over-approximates all stores ; that can occur at the configuration conf (i.e.,

that previously were part of that configuration), where eq is the initial ex-
pression of the program.5 We first define a relation (’«3)/\ C Store x m,

— —

where intuitively & Wc/\f conf’ implies that & potentially “flows to” conf

during the evaluation of the configuration conf. We can then define :(conf)
as the join of all garbage-collected” stores that flow to conf:

Zeolled ) =161z, eon | & Fotiivy (o220}

Env

N N
o We render the evaluation relations ({ ) and ({f) deterministic (i.e., they

can be seen as functions Config — Result). This is done by joining the
results whenever there are multiple non-deterministic program paths.

~A

Together, this suffices to show that (|} ) becomes a finite relation: it is clear that
—— . SAL e e

by factoring out the store, Config becomes finite, and when ({}5 ) is deterministic,

only a single result res € Result can be associated with each configuration. And
although (=%)— is technically not finite (since an infinite number of stores can

flow to a configuration conf when Val is infinite), _(conf) is computed as the join
of all these stores, which is guaranteed to converge due to the ACC.

SFor brevity, from this point on we often drop the subscript and instead write = for éeo.
"Note that we apply garbage collection before joining the stores, which results in a more precise
store compared to doing it the other way around.
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~A N
We now present the updated evaluation rules for ({} ) and ({f ), together with

the derivation rules for the relation (=%)copnf (i.e., included in the same rules).

(ae, p,t
-
conf
& = Z(conf)

.y
conf

(fv*) :;4A\<fvla 6—) @$:A(367ﬁ76—)

& = Z(conf) ,
t)

zienpl) e f = tick(f, a; = alloc(;, )
b; = extend(6,d;,0,) 65 =0;>6
o A A A oA p—
(ei> :5; [xl = &i]>t/> U’f‘ <62¢ 51,7 Ai7 Ul) a-ri :/:c/om’i Confﬁ‘
conf;
U= .lA)i 5:|_|&5Z{D5i
7 i
A:U{&i}UAz U:UAZ'
! X — f [E-APpP]
(f(ae), p,t) I~ (0,0,A,0)
—
conf
Ory S conf,, i conf;
& = Z(conf) (., 1) = A(aer, p,6) (o, hg) = A(aes, p, 6)
0= (®7 I(OpaﬁlaﬁQ))
NI
<0p(a'el7ae?>7p7t> ll <U7 []7®7®>
conf
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—

confy
VU —
6 = =(conf) (e1, p, 1) Ip (0,01, A1, Un) Oy ~ o, confyy
3! =replay(31,6, A1) & =816  a, = alloc(z,?)
Op = extend(&’,dx,@x) 6" =06, > 6
N A1 A s A A A~ ===
<€27P[$ — ax],t> ‘Uf‘ <U,52,A2, 2> Orgy WC/O-E‘TQ Confrz
confy — _ _ . _ _ _ _ [E—LET]
<|et$:€1 in 62,ﬁ,@ [} <’IA),(52 > 0y > (51,141 U {&r} UAs, U1 U U2>
conf
o Qc/o?f conf1 6” Qc/o—n\f confg
@ /M\%a conf, @ @g;f confy,
- B0 = N VAN NS
Ggc = =(conf) (e, p, 1) I~ (9,0, A,U)
Oge = 0|5 A
R(:SDégc)(T\gl(y) o )
Age = AN dom(d Uge ={a €U | 6gla
i« (o) D= (a<Ulow@2 1) oo
<67 P, t) Ip <@7 5gCa Agm Ugc>

The first modification is that since the store is no longer part of a configura-

tion conf, we instead now retrieve it as =(conf). Conversely, for every configura-
— —

tion conf (reachable during the evaluation of conf) that normally would have a

store component &, we now instead derive that & 33@ cf)ﬁfl. These derivations
come both directly from the evaluation of the current configuration, as well as from
recursive evaluations of other configurations. The second modification is that the
E-APP rule (the only evaluation rule for Aang that previously introduced non-
determinism) now joins the results for each possible function that may be called.
Doing so makes use of the join operator (Ls) for delta stores to efficiently merge

changes computed w.r.t. & over multiple non-deterministic paths.
. ~A . . .
Note that computing ({}) requires a fixpoint computation over both the re-

~A
lations (Jp) and (=3)—. We again refer to the cache-based fixpoint algorithm
presented by Darais et al. [40], which can be employed mutatis mutandis as one

possible implementation for such a fixpoint computation.
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4.5.3 Impact on Abstract GC

It is important to reconsider the impact of abstract GC on the interpreter’s pre-
cision and performance in the presence of the store widening presented in Sec-
tion 4.5.2. We recall that abstract GC offers two key advantages (Section 4.1.1):

Avoiding Garbage-Induced Imprecision. Abstract GC avoids precision losses
due to (1) unnecessary joins with garbage values, and due to (2) unnecessary
increases of their corresponding garbage abstract counts.

1. When using flow-sensitive (“per configuration”) store widening, the preci-

sion improvements related to (1) are largely negated. The reason is that
addresses are usually identified by the program point they are allocated at,
along with the current context (i.e., timestamp). At the same time, for the
flow-sensitive store widening presented in Section 4.5.2, all stores sharing
the same program point and current context are also joined together. As
a result, all values allocated at a certain program point under a certain
context are immediately joined together in the same shared store for that
program point and context.® For a given address, this directly negates the
impact of abstract GC before a fresh allocation at that address.
However, the value bound to an address is not just determined when it
is allocated (i.e., when using a combination of alloc and e;eﬁi), but also
when it is updated (i.e., using up/dze7 as in the E-SET rule). In these cases,
the previous reasoning does not hold, since updates (unlike allocations) for
a single address may occur at different program points and contexts, and
therefore end up in different stores. Therefore, some precision can still be
gained from collecting garbage when such updates occur.

2. The main precision benefit of abstract GC with flow-sensitive store widening
is related to (2). With abstract GC, the abstract count of a collected address
is reset to 0, so that it is increased to 1 when the address is allocated again.
Store widening will only join (i.e., not increase) the abstract counts for all
allocations of an address at the same program point and context. Reclaiming
garbage bindings before such allocations can therefore keep the count at 1
(since the join of abstract counts 1 and 1 remains 1) instead of oo, increasing
the potential for strong updates (and therefore precision).

8Note that this assumes that allocations are differentiated using the same context sensitivity as
configurations. For less precise allocators (e.g., a monovariant allocator in a context-sensitive
analysis) — or when using trace partitioning [99] (which weakens the sharing of stores) — the
allocation of an address does not always end up widened in the same store. Therefore, it may
be beneficial to reclaim previous occurrences of that address first; such analysis designs can
gain more precision when combining flow sensitivity with abstract GC.
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Garbage Irrelevance. Abstract GC speeds up the fixpoint computation thanks
to garbage irrelevance, and continues to do so in the presence of flow-sensitive
store widening. Specifically, garbage irrelevance makes the computation of =
more efficient, since the fixpoint iteration joining stores at the same program point
together reaches a stable value more quickly when garbage bindings are removed.
That is, the iteration does not have to continue until these unreachable bindings
converge to a stable value as well. In turn, this improves the convergence rate (and
memory consumption thanks to smaller stores in é) for the fixpoint computation.

4.6 Evaluation

We have already formally shown that, for programs in A,yg, DSS with abstract GC
always matches or improves upon the precision of abstract GC for a small-step ab-
stract interpreter, using a mechanised proof implemented in Rocq (Section 4.4.3).
Likewise, we have discussed the impact of flow sensitivity for DSS, as well as its
interaction with abstract GC (Section 4.5.2). We now present an accompanying
empirical evaluation, using our implementation in the MAF framework [165].°

Specifically, we aim to answer the following research questions:

RQ1 How much precision is gained using a stackless form of abstract GC (as
integrated for DSS in Section 4.4) compared to traditional abstract GC?

RQ2 What is the impact of flow-sensitive store widening (as discussed in Sec-
tion 4.5) on the precision and scalability of DSS?

RQ3 What is the impact of abstract GC for flow-sensitive DSS?

4.6.1 Experimental Setup

We use a similar setup throughout our evaluation.

Environment. We ran all experiments using Scala version 3.1.0 on an Apple
MacBook Pro with a 2.3GHz 8-Core Intel Core 19 processor and 16GB of RAM.

Implementation. Our implementation in MAF extends the formalisations
for AanF to support a large subset of R5RS Scheme. Specifically, we extended
MAF with an implementation of DSS (Section 4.3), DSS with abstract GC
(Section 4.4) and DSS with abstract GC and flow-sensitive store widening (Sec-
tion 4.5.2). In addition, we also added implementations of ADI with abstract GC

9 Although we have not presented a full formal proof for the soundness of DSS, we have validated
this empirically using automated soundness testing (as proposed in [7]) in MAF.
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(Section 4.2) and a modified AAM implementation with perfect stack precision
(using an AAC allocator, see later). Each of these implementations supports
various configurations for context sensitivity and the used abstract domains.

Benchmarks. We run our experiments using a benchmark suite of 16 Scheme
programs: 10 from the Gabriel benchmarking suite [49] (the same as those used
in Chapter 3)!° and 6 from the built-in benchmarking suite of MAF. Table 4.1 lists
each Scheme program along with its size in LOC. We run our experiments using

Benchmark LOC Benchmark LOC Benchmark LOC Benchmark LOC
boyer 568 deriv 39 takl 18 mceval 282
browse 78 destruc 37 puzzle 144 regex 80
cpstak 19 diviter 8 grid 35 rsa 41
dderiv 83 divrec 11 matrix 648 tak 11

Table 4.1: Overview of the Scheme benchmarks, along with lines of code (LOC)
for each benchmark. The Gabriel benchmarks are in bold.

m-CFA [109] context sensitivity (which uses the top m stack frames as context!!)
for varying values of m (where higher values of m may increase precision). For the
abstract domain, we employ a constant propagation lattice (Section 2.3.1) as an
abstraction for primitive domains in all experiments. As this lattice is not finite,
but adheres to the ACC, only DSS-FS is guaranteed to terminate; non-termination
for other interpreters results in timeouts. For each of the benchmarks, we use a
timeout of 10 minutes (note that benchmarks that timed out are still useful to
provide an under-approximation for our precision metric).

Measurements. We compare different abstract interpreters in terms of precision
and performance. For precision, we use the built-in precision measurement utilities
of the MAF framework. These compare precision by first running the program
using a concrete interpreter (multiple times to cover multiple program paths in
non-deterministic programs), and subsequently measuring how many values in
each abstract interpreter strictly over-approximate (i.e., are less precise than)
the direct abstraction of the corresponding results of the concrete interpreter.
Specifically, we instrument the concrete interpreter to build up a map ¥ : Exp —

10We left out the ctak and triangl benchmarks of the Gabriel benchmarking suite. The ctak
benchmark was removed due to its use of call/cc, which is not supported by MAF, nor by
DSS (as discussed in Section 4.1.1). The triangl benchmark was removed because it timed
out for the concrete interpreter (and hence could not be used for precision measurements).

11 contrast to k-CFA, which uses the k last call sites. The difference is that the latter also
includes call sites of calls that the interpreter already returned from.
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P(Val) that keeps track of all values allocated or returned at every program point.
The abstract interpreter similarly builds a map U Exp — P(@). We then
compute the number of strict over-approximations as [{e € Exp | a(¥(e)) C
Uﬁe@(e)@ﬂ where (P(Val), Q) % (Val,C).12 A more precise analysis should
therefore result in fewer over-approximations compared to a less precise one.

4.6.2 RQ1: The Precision Benefit of Stackless Abstract GC

Theorem 11 guarantees that, for programs in A,yg, the precision of DSS with

abstract GC (i.e., using the evaluation relation (ﬂ?)) is always the same or better
than that of an equivalent small-step abstract interpreter with abstract GC (i.e.,
using the transition relation (’—\>f)) However, it does not guarantee that the pre-
cision is strictly better, nor does it tell us how much precision improvement can
be expected. Moreover, some of the benchmarks in our suite do make use of as-
signments (through set!, set-car!, set-cdr! and vector-set!), and therefore
the guarantee of Theorem 11 does not apply to them in general.

In order to evaluate this empirically, we therefore compare precision with an
equivalent implementation of AAM with abstract GC and abstract counting (also
known as I'CFA [106]). However, recall that such a small-step abstract interpreter
may exhibit decreased precision compared to DSS for two reasons: the lack of
stackless abstract GC and the lack of full stack precision (which DSS inherits from
its foundation in abstract definitional interpreters). Since we are only interested
in measuring the former, we have modified I'CFA to instead use a fully precise
continuation address allocator (specifically, the one from AAC [57]), so that it
exhibits the same perfect stack precision as DSS.

Table 4.2 compares the results for 'CFA and DSS with abstract GC. Note that
for benchmarks that timed out, we can use the partial results of the analysis in
order to compute a lower bound for the number of over-approximations (as the
result would only grow more imprecise as the analysis continues).

Comparison of Precision. The results are consistent with Theorem 11 (despite
the occasional use of strong updates): in all benchmarks where both T'CFA and
DSS terminate, we have an equal (cpstak, regex) or lower (grid, rsa, tak)
number of over-approximations for DSS. The context-insensitive (i.e., m = 0)
analyses of the regex benchmark also show significant precision improvements
for DSS: the analysis with 'CFA times out with at least 34 over-approximations,
and requires increased context sensitivity (i.e., m > 1) in order to achieve the same

12The same infrastructure is also used in MAF to perform automated soundness testing. That
is, the analysis is considered sound when Ve,v € U(e) : 30 € ¥(e) : a({v}) C .
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m=0 m=1 m=2

TCFA DSS T'CFA DSS T'CFA DSS
imprec | time | imprec | time | imprec | time | imprec | time | imprec | time | imprec | time
boyer >0 o9 >0 [ >0 [e9) >0 oo >0 o9 >0 9]
browse >5 o0 >7 ) >0 o0 >4 0 >7 00 >4 00
cpstak 3 50ms 3 26ms 3 11s 3 5s >3 o9 >0 )
dderiv >28 o) 38 20s >7 o0 7 1s >11 9] 7 1s
deriv >3 [ 3 1s >3 [ 3 1s >4 o0 3 1s
destruc >8 o) >10 o) >8 o0 >10 o0 >3 9] >3 %)
diviter >4 [ 4 3s >0 [ 4 3s >0 o0 2 4s
divrec >4 o0 4 3s >0 00 3 3s >0 00 3 3s
takl >6 o9 6 1s >3 o9 6 9s >3 o0 6 | 4m48s
puzzle >11 00 >12 00 11 | 3m40s >11 00 11 | 4m58s >5 o0
grid 10 | 1m34s 7 | 200ms >2 o0 7 | 167ms >2 o) 7 | 390ms
matrix >10 00 >10 00 >9 00 >10 00 >9 00 >10 o0
mceval >3 o9 >3 o9 >3 o0 >3 oo >12 o0 13 36s
regex >34 00 0] 92ms 0 | 293ms 0| 95ms 0 | 275ms 0 | 100ms
rsa 14 | 923ms 7 75ms 14 58s 7 92ms >14 o) 7 78ms
tak 2 20s 0 2s >0 o0 0 1s >0 9] 0 1s

Table 4.2: Comparison of the number of strict over-approximations (lower is bet-
ter) and time taken between small-step T'CFA and big-step DSS with
(stackless) abstract GC. A time of co indicates that the benchmark
exceeded the time limit of 10 minutes; in this case, we report a lower
bound for the number of over-approximations.

precision as a context-insensitive analysis with DSS. The improvements also hold
when context sensitivity is increased for both abstract interpreters: for the dderiv
benchmark with m = 2, I'CFA has at least 11 over-approximations compared to
exactly 7 in DSS. As we have modified 'CFA with a fully precise continuation
allocator, we can attribute these improvements to the stackless nature of abstract
GC in DSS, which can reclaim more garbage compared to abstract GC in I'CFA.

We have also compared precision to the big-step abstract interpreter with ab-
stract GC of Section 4.2, which is more similar to DSS but keeps track of a set
of continuation addresses zﬁ Our experiments show identical precision results for
this interpreter as for 'CFA (therefore omitted here for brevity). This confirms
that the precision improvements for DSS in Table 4.2 indeed stem from being able
to omit ﬂ from the GC root set (i.e., rendering the GC “stackless”).

Comparison of Performance. Both I'CFA and DSS time out for a significant
number of benchmarks, showing poor scalability for both abstract interpreters.
Timeouts are more frequent for 'CFA (the only exception to this being the puzzle
benchmark for m = 1 and m = 2). This can partially be explained by its use of the
stack-precise AAC continuation allocator [57], which for the context-insensitive
case (i.e., m = 0) is known to raise analysis complexity from O(n?) to O(n?).
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Further performance improvements can also in part be explained by the increased
precision of DSS: as precision increases, the abstract interpreter spends less time
having to explore spurious program paths (i.e., execution paths that only exist due
to excessive over-approximation of the program’s control-flow behaviour). This
effect can also be observed for the same abstract interpreter by increasing context
sensitivity (e.g., for the mceval benchmark with DSS).

4.6.3 RQ2: The Impact of Flow-Sensitive Store Widening

We now evaluate the impact of flow-sensitive store widening on both precision
and scalability. For this purpose, we run the same experiments again, this time
. . . . . . ~A .
comparing a version of DSS without store widening (i.e., the ({f) evaluation
relation of Section 4.4) and a version of DSS with flow-sensitive store widening

(DSS-FS) (i.e., using (ﬂ?) of Section 4.5). The results are shown in Table 4.3.

m =0 m=1 m =2
DSS DSS-FS DSS DSS-FS DSS DSS-FS
imprec | time | imprec | time | imprec | time | imprec | time | imprec | time | imprec | time
boyer >0 o0 1251 | 9m46s >0 oo | >1236 o0 >0 o) >48 o)
browse >7 00 91 8s >4 00 88 22s >4 o0 >80 oo
cpstak 3 26ms 3 9ms 3 5s 3 72ms >0 00 3 | 222ms
dderiv 38 20s 48 | 905ms 7 1s 46 2s 7 1s 38 58
deriv 3 1s 29 | 517ms 3 1s 9 | 451ms 3 1s 8 | 787ms
destruc >10 o0 15 | 610ms >10 9] 15 | 738ms >3 [ee) 13 1s
diviter 4 3s 6 1s 4 3s 6 2s 2 4s 4 2s
divrec 4 3s 4 2s 3 3s 4 2s 3 3s 4 2s
takl [§ 1s 6 | 60ms 6 9s 6 | 143ms 6 | 4m48s 6 | 710ms
puzzle >12 0 12 | 429ms >11 0 12 | 885ms >5 [eS] 12 2s
grid 7 | 200ms 12 | 106ms 7 | 167ms 12 | 212ms 7 | 390ms 10 | 237ms
matrix >10 0 180 8s >10 o0 129 18s >10 o 128 | 1m27s
mceval >3 o0 159 19s >3 9] 157 | 2m02s 13 36s >157 o)
regex 0] 92ms 48 | 547ms 0| 95ms 48 3s 0 | 100ms 48 7s
Tsa 7 7hms 18 54ms 7 92ms 17 74ms 7 78ms 17 96ms
tak 0 2s 2 Sms 0 1s 2| 19ms 0 1s 2 | 120ms

Table 4.3: Comparison of the number of strict over-approximations (lower is bet-
ter) and time taken between DSS with and without flow-sensitive store
widening (DSS-FS and DSS, resp.). A time of oo indicates that the
benchmark exceeded the time limit of 10 minutes; in this case, we re-
port a lower bound for the number of over-approximations.

Comparison of Precision. It is clear that store widening, even when applied
per configuration, still greatly decreases precision compared to an equivalent ab-
stract interpreter without any store widening. Across all benchmarks, DSS-F'S has
significantly more over-approximations compared to DSS. A key factor explain-
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ing these differences is that abstract GC no longer offers the same precision for
DSS-FS as it did for DSS (we explore this further in RQ3). Instead, the analysis is
now more reliant on increased context sensitivity in order to improve its precision.

Comparison of Performance. The key benefit of applying store widening is that
it greatly improves the performance of the abstract interpreter (and therefore its
scalability towards larger programs such as boyer, browse and mceval). Indeed,
without widening, many programs fail to terminate for DSS, either because of
an exponential explosion in the number of configurations to evaluate or because
values in its (infinite) domain can never converge. In contrast, for DSS-F'S, we only
observe 4 timeouts in total, and in fact none for the context-insensitive variant
(i.e., where m = 0). In other benchmarks (e.g., takl with m = 2), performance
is improved by orders of magnitude. While the precision benefits of DSS without
store widening are appealing, we therefore argue that some store widening (such
as flow-sensitive store widening) is a must to analyse larger, real-world programs.

4.6.4 RQ3: The Impact of Abstract GC on Flow-Sensitive DSS

As discussed in Section 4.5.2, store widening limits the precision benefits of ab-
stract GC. We can, however, expect it to have a positive impact on the perform-
ance of the analysis by reducing the number of iterations that are required for
each flow-sensitive store to converge. We evaluate the impact of abstract GC in
the setting of flow-sensitive store widening by comparing two versions of DSS-FS:
one with and one without abstract GC. Table 4.4 shows the results.

Comparison of Precision. As expected, abstract GC has very little impact on
precision when employing flow-sensitive store widening. The only benchmarks
that show some minor precision improvement are browse and matrix. The reas-
ons for these limited precision improvements are discussed in Section 4.5.2. In
summary, abstract GC’s main precision benefit comes from updates (i.e., updates
to mutable variables and mutable data structures). However, these may not occur
frequently in our benchmarking suite: although Scheme is technically an imper-
ative language, in practice it often encourages a more functional style, avoiding
such side-effecting mutations. The benefits on DSS-FS with abstract GC may
therefore be more pronounced for languages with programming styles that make
frequent use of (field) assignments (such as Python or JavaScript).

Comparison of Performance. Both configurations achieve comparable perform-
ance results, with some benchmarks (such as boyer) showing a clear edge for
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m=0 m=1 m =2
with GC without GC with GC without GC with GC without GC
imprec | time | imprec | time | imprec | time | imprec | time | imprec | time | imprec | time
boyer 1251 | 9m46s 1251 | 3m12s | >1236 9 1249 | 6m13s >48 00 48 | 1m36s
browse 91 8s 98 2s 88 22s 88 8s >80 o) 80 | 7Tm33s
cpstak 3 9ms 3 14ms 3 72ms 3 | 50ms 3 | 222ms 3 | 129ms
dderiv 48 | 905ms 48 | 379ms 46 2s 46 1s 38 5s 38 4s
deriv 29 | 517ms 29 | 223ms 9 | 451ms 9 | 288ms 8 | 787Tms 8 | 453ms
destruc 15 | 610ms 15 | 449ms 15 | 738ms 15 | 743ms 13 1s 13 1s
diviter 6 1s 6 2s 6 2s 6 1s 4 2s 4 1s
divrec 4 2s 4 2s 4 2s 4 1s 4 2s 4 1s
takl 6 | 60ms 6| 45ms 6 | 143ms 6 | 100ms 6 | 710ms 6 | 908ms
puzzle 12 | 429ms 12 | 173ms 12 | 885ms 12 | 901ms 12 2s 12 4s
grid 12 | 106ms 12 | 185ms 12 | 212ms 12 | 301ms 10 | 237ms 10 | 374ms
matrix 180 8s 181 Ts 129 18s 129 32s 128 | 1m27s 128 | 3m50s
mceval 159 19s 159 Ts 157 | 2m02s 157 | 1m27s >157 [ee) >151 [ee)
regex 48 | 547ms 48 | 387ms 48 3s 48 3s 48 s 48 12s
rsa 18 | 54ms 18 | 112ms 17 | 74ms 17 | 90ms 17 | 96ms 17 | 158ms
tak 2 5ms 2 6ms 2 19ms 2 28ms 2 | 120ms 2 | 323ms

Table 4.4: Comparison of the number of strict over-approximations (lower is bet-
ter) and time taken between DSS-FS with and without abstract GC.
A time of oo indicates that the benchmark exceeded the time limit of
10 minutes; in this case, we report a lower bound for the number of
over-approximations.

DSS-FS without GC, and others (such as matrix) exhibiting better performance
using DSS-FS with GC. The reason is that the integration of abstract GC im-
pacts performance both positively and negatively.

The negative impact comes from the overhead associated with GC. In our
implementation specifically, we apply a tracing stop-and-copy GC at every evalu-
ation step (in order to maximise the precision benefits); we have previously shown
that such a policy can potentially slow down an abstract interpreter by one or
two orders of magnitude (cf. Chapter 3), and is therefore not recommended in
practice. Therefore, we argue that future work should explore the integration of
abstract reference counting as an alternative for tracing GC in DSS. Doing so
could overcome this significant performance overhead and potentially allow for a
more consistent net positive performance impact from abstract GC.

Despite this significant overhead, the performance still holds up well compared
to DSS-FS without abstract GC. This can be attributed to the positive impact
of abstract GC on performance, as the stores at each program point converge
faster without garbage. To measure this benefit without the technical overhead
of abstract GC, we conducted a separate experiment measuring the number of it-
eration steps required for the fixpoint computation of the analysis. For instance,
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the matrix benchmark only requires 2448 iterations with GC compared to 3098
without, explaining its performance improvement. On average, for our experi-
ments abstract GC decreases the number of iterations required by 27.8%.

4.7 Related Work

We refer to Section 3.5 for an overview of related work on abstract GC and abstract
counting, and their integration for small-step (AAM-like) abstract interpreters. In
this section, we focus on related work on big-step abstract (definitional) interpret-
ers (pushdown control-flow analyses in general), the integration of abstract GC
for such interpreters, and their support for flow and control sensitivity.

Pushdown Control-Flow Analyses. Several approaches have been formulated
to model abstract interpreters as pushdown systems, which offer an unbounded
stack and therefore also perfect stack precision (i.e., perfect matching of calls and
returns, thereby avoiding imprecision in the interpreters’ control-flow behaviour).

DSS achieves the pushdown control-flow property by following the approach of
Darais et al. [40] to construct big-step abstract (definitional) interpreters. Ab-
stract definitional interpreters are based on Reynolds’ (concrete) definitional in-
terpreters [132], which inherit the semantics of the defining (meta)language in
order to define the semantics for the defined language. The key point is that ab-
stract definitional interpreters — and therefore also DSS — obtain the pushdown
control-flow property “for free” by inheriting the matching of calls and returns
from the defining (meta)language. This avoids the need for an explicit abstrac-
tion of the continuation and results in perfect stack precision.

The small-step (AAM-style) abstract interpreters of Chapter 3 and the big-step
(ADI-style) abstract interpreters of this chapter can systematically be derived
from one another. Wei et al. [177] identify a series of well-known transformations
that can turn one into another. The AAM-to-ADI transformation involves refunc-
tionalising (i.e., replacing data types representing continuations with higher-order
functions) explicit continuations. The authors show that ADI is obtained from
the refunctionalisation of an AAM machine with an unbounded stack (and hence
perfect stack precision), thereby confirming the perfect stack precision of ADI.
The ADI-to-AAM transformation follows the inverse for each of the steps (e.g.,
defunctionalisation instead of refunctionalisation) in the opposite order.

Earlier work by Schmidt [141, 142] already showed how abstract interpreters
can be derived directly from a language’s big-step (“natural”) semantics. In their
approach, an (abstract) interpretation of a program is a derivation tree over the
language’s big-step evaluation rules. In retrospect, this approach already exhibits
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the exact call-return matching of ADI and DSS (i.e., “perfect stack precision”),
as the result of a callee flows only to its caller node in the derivation tree. In
contrast to our own work, Schmidt’s abstract interpreter follows a co-inductive
interpretation of the big-step evaluation rules to allow for infinite derivation trees
that model looping behaviour.'® DSS instead uses an inductive interpretation by

~A
defining ({ ) as the minimal relation closed over the big-step evaluation rules. As

A

such, an infinitely looping program has no derivation under (iLA), whereas Schmidt
allows an infinite derivation tree for such diverging programs. In Chapter 5, we
formulate a fixpoint algorithm that also computes a total version of (lALA).

The term pushdown control-flow analysis (PDCFA) comes from the work of
Earl et al. [44]. They point out that an abstraction of the concrete state space X
does not necessarily need to be finite (which is the case for AAM and the abstract
interpreters of Chapter 3), as this (unnecessarily) causes too much imprecision in
the matching of calls and returns. Instead, PDCFA abstracts the state space into
a pushdown automaton and formulates the analysis in terms of certain pushdown
reachability, which is a decidable property for pushdown automata. Compared to
the ADI approach (and DSS), the cost of PDCFA is prohibitive (O(n°) instead
of O(n?) for a monovariant analysis) and requires significant engineering efforts.

CFA2 [171] uses a small-step abstract interpreter with an unbounded continu-
ation (i.e., a stack of unbounded height, without approximations) to obtain perfect
stack precision. Due to the unbounded stack, the abstract state space becomes
infinite. CFA2 therefore employs a summarisation algorithm [131] to analyse this
state space (treating the analysis as a graph reachability problem) while preserving
termination. A later version of CFA2, named Big CFA2 [170], instead obtains
perfect stack precision by trading the unbounded stack for a big-step abstract
interpreter. The author points out that Big CFA2 enjoys improved scalability
over (small-step) CFA2 at the cost of not supporting first-class control operations
(due to the lack of an explicit continuation), as is also the case for DSS.

Other approaches aim to achieve the pushdown control-flow property directly
for AAM-based abstract interpreters. Glaze et al. [57] show that AAM can achieve
perfect stack precision by using a continuation allocator (i.e., aﬂgck) that is precise
enough to avoid any mismatching of calls and returns. Unfortunately, their res-
ulting analysis, dubbed abstracting abstract control (AAC), significantly increases
the complexity of the analysis (O(n®) instead of O(n3) for a monovariant ana-
lysis). Gilray et al. [56] later point out that the same perfect stack precision can be
obtained through a simpler continuation allocator, which constructs continuation
addresses consisting solely of the target expression and environment. They show

3Note that under abstract interpretation, looping behaviour is more common — e.g., a finite
sequence of iterations in a concrete execution is typically folded into a loop in the abstract.
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that this allocator does not increase the analysis complexity (i.e., a monovariant
analysis remains O(n?)), yet achieves perfect stack precision (they refer to the
resulting analysis as P4F — pushdown CFA for free). However, an important lim-
itation of P4F is that it only achieves perfect stack precision for free when using
global store widening. Germane et al. [51] also point out that an m-CFA allocation
policy (as we have used throughout this dissertation) achieves perfect stack pre-
cision for free in the same sense as P4F (with the same limitation that it requires
global store widening). An m-CFA timestamp summarises the top m stack frames
(instead of k-CFA’s last k call sites) and rebinds addresses in the environment to
achieve polynomial instead of exponential time complexity [109]. The former en-
sures that both the timestamp and environment remain constant throughout an
abstract invocation; the latter ensures that the environment becomes isomorphic
to the timestamp, so that m-CFA’s continuation addresses uniquely identify the
invocation entry configuration (the P4F invariant that yields full stack precision).

Pushdown Control-Flow Analyses with Abstract GC. Existing work has made
several attempts to integrate abstract GC into abstract interpreters that enjoy
the benefits of pushdown control flow, such as the big-step abstract definitional
interpreters of Darais et al. [40], aiming to get the benefits of both techniques.
We discussed the original integration of abstract GC into abstract definitional
interpreters, and the shortcomings of this integration, in Section 4.2.

Earl et al. [45] show how abstract GC can be integrated into their pushdown
control-flow analysis. They formulate their approach as stack introspection: for
every control point they approximate the set of continuation frames that could
be on the stack, using their references as part of the root set for abstract GC.
Similar to the suboptimal integration of abstract GC into abstract definitional
interpreters, the resulting analysis no longer enjoys the context irrelevance of the
original pushdown analysis, and does not achieve the same potential in precision
improvements of abstract GC as the stackless form of abstract GC for DSS.

CFA2 [171] combines full stack precision with some form of abstract GC.
CFA2 separates bindings on the stack from those on the heap: a reference is a
stack reference if it appears at the same nesting level as its binder; otherwise, the
reference is allocated on the heap. Stack bindings are automatically “garbage
collected” as stack frames are popped; this is similar to how DSS can garbage
collect (unreferenced) local variables (regardless of whether they are already
allocated for the continuation) in a delta store upon returning. Stack bindings
also support strong updates and stack filtering; the latter improves precision by
narrowing a stack binding to only a single closure, if that closure was previously
selected as the operator for a function call. DSS instead supports strong updates
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more generally for all bindings through abstract counting, and could similarly
support the stack filtering optimisation for heap bindings for which the abstract
count is 1. For bindings that escape to the heap, CFA2 does not provide any GC
or strong updates. The authors note that techniques such as abstract GC and
abstract counting could be added on top of CFA2 for heap-allocated bindings.
Monat et al. [112] integrate abstract GC into a flow-sensitive analysis for Python
(in the MOPSA framework). In contrast to our own work, their abstract garbage
collector still keeps continuation references alive, and therefore does not benefit
from the precision improvements of “stackless” abstract GC. Similar to our own
findings on RQ3 (cf. Section 4.6.4), they also report limited precision benefits
when flow-sensitive widening is used, and argue that abstract GC is mainly useful
to improve analysis performance and memory consumption. They also point out
that abstract GC may improve precision due to its interaction with recency ab-
straction [13]. In Section 4.5, we also argued that abstract GC may still improve
precision due to its interaction with abstract counting and (strong) updates.
The closest to our own work is the heap fragment semantics (HFAC) of Ger-
mane et al. [53, 54]. Similar to how delta stores in DSS represent changes w.r.t.
an original store, a heap fragment in HFAC only captures bindings relevant for the
current evaluation. To our knowledge, HFAC is the only other existing formalism
exhibiting all advantages of pushdown control flow and abstract GC, as listed in
Section 4.1.1. We improve upon the work of [53] by adding support for abstract
counting and collecting garbage in delta stores (whereas the technique presen-
ted in [53] only collected garbage for the input heap fragment). The authors
of [54] point out the “formal weight” of HFAC, which significantly complicates
the language semantics. Compared to their work, we present a novel and simpler
formalism, capturing the essence of the mechanism that allows the integration of
abstract GC. We also show how delta stores can be joined, and extend the form-
alism to incorporate a novel form of store widening that preserves flow sensitivity.

Control and Flow Sensitivity. Darais et al. [39] introduce Galois transformers as
composable analysis building blocks that each control analysis parameters (such as
context sensitivity). By varying the Galois transformer that controls the analysis’
handling of nondeterminism (and reordering the Galois transformers of a mon-
adic interpreter), they identify three different variants of path and flow sensitivity,
so that an analysis is either path-sensitive, flow-sensitive or flow-insensitive. In
more recent work, Germane et al. [52] make the same categorisation for differ-
ent kinds of “control-flow sensitivity”. A path-sensitive analysis keeps abstract
states with different analysis results (including their store) separate (e.g., AAM
with local stores), resulting in maximal precision but poor scalability (due to a
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potential explosion in the number of abstract states). DSS without store widen-
ing (as presented in Section 4.3) is an example of such a path-sensitive analysis.
A flow-sensitive analysis merges the analysis results per program point, follow-
ing our own interpretation of flow sensitivity as formulated for DSS with store
widening in Section 4.5. Flow sensitivity has so far been more common in tra-
ditional data flow analyses [62, 115, 66]. A flow-insensitive analysis merges (for
each variable) all analysis results for the entire program, and corresponds to the
global store widening presented in Section 2.3.4. Interestingly, Darais et al. also
provide a single, generic implementation of abstract GC (i.e., implemented against
a monadic interface) that can be used for interpreters using varying path and flow
sensitivities. However, unlike DSS, they integrate abstract GC for a small-step
abstract interpreter, and always include the continuation addresses as part of the
GC root set (therefore missing out on the advantages of stackless GC).

The big-step abstract interpreters of Schmidt [141, 142] can be considered flow
sensitive as well. Schmidt’s interpreters guarantee termination through trace
memoisation: whenever the same program point recurs during a(n abstract) deriv-
ation, it reuses the existing derivation for that program point (i.e., each program
point appears at most once in a derivation tree). In doing so, the new inputs
(i.e., environment/heap bindings) are joined with the existing inputs in the tree,
similar to how DSS with flow-sensitive store widening joins the input stores per
program point. Trace memoisation shares the same requirement as flow-sensitive
store widening on the abstract domain: the ascending chain condition is required
in order to guarantee that all inputs in the derivation tree eventually converge.

Hardekopf et al. [63] propose parameterising an analysis with a widening op-
erator on abstract states. The choice of this widening operator determines how
abstract states are partitioned — i.e., how different abstract states are joined to-
gether to guarantee termination and improve analysis scalability. They show that
both context sensitivity and flow sensitivity can be controlled by varying choices
of this operator. However, this operator is not immediately applicable to big-step
abstract interpreters (such as those underlying DSS), as it requires access to some
form of an explicit continuation in order to control control-flow behaviour. In
contrast, it could directly be applied to the small-step abstract interpreters of
Chapters 2 and 3 to parameterise both context sensitivity and flow sensitivity.

In their work on combinator-based fixpoint algorithms for big-step abstract
interpreters (such as DSS), Keidel et al. [84] propose stack widening to avoid
exploring an infinite chain of input configurations. Stack widening uses a widening

123



CHAPTER 4. DELTA STORE SEMANTICS

operator14 on the input environment!®

whenever the same program point recurs
during its own evaluation (i.e., when the encountered program point is already
“on the stack”). As such, stack widening can be seen as a less aggressive form
of flow-sensitive store widening: the former only joins the input stores for those
configurations at the same program point that occur in the same loop, whereas
the latter joins the input stores for all configurations at the same program point.
Stack widening therefore retains more precision than flow-sensitive store widening,
but may also be less scalable (as it keeps more configurations distinct). For
abstract GC, stack widening presents an interesting alternative to flow-sensitive
store widening: an address allocated at the same program point is no longer
guaranteed to be joined with all other allocations at that program point (only
with those that occur in the same loop). Therefore, reclaiming old addresses
using abstract GC may improve precision more significantly, overcoming some of
the limitations of flow-sensitive store widening (discussed in Section 4.5.3), while
still avoiding the same issues that motivated its use (Section 4.5.1). We leave the
exploration of stack widening for DSS with abstract GC as future work.

The flow-sensitive store widening of Section 4.5 joins stores per control loca-
tion (and context). Trace partitioning [99, 113] can generalise this technique by
using abstract traces (i.e., information based on the history of the interpreter’s
execution) to keep multiple stores at the same control location (but with different
execution traces reaching that control location) separate. Keeping more stores
separate improves precision, and may also increase the precision benefits of ab-
stract GC (compared to what we observed in RQ3) as different values allocated
at the same address may be joined in different stores (therefore making it useful
to reclaim previous bindings at that address using abstract GC).

Interestingly, Oh et al. [124] suggest an adaptive approach to control-flow sens-
itivity, where different addresses are treated with different sensitivities (in their
work, only handling them either flow-sensitively or flow-insensitively). For our
own experiments, it is clear that the precision benefits of path sensitivity in com-
bination with abstract GC are substantial, but impede analysis scalability when
applied to all addresses. Applying their learning strategy for choosing between
both control-flow sensitivities adaptively for each address could potentially bring
together the benefits of both DSS and DSS-FS.

In order to improve the scalability of flow-sensitive analyses, Oh et al. [123]
present a general framework for sparse analysis techniques for abstract interpret-
ers. In a traditional flow-sensitive analysis (as in DSS-FS), the abstract state (i.e.,

1n our setting, we can replace this widening operator with the join operator (L), as all domains
adhere to the ascending chain condition.
15Tn our setting, this corresponds to the store & of an input configuration ¢.
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store in DSS-FS) associated with a program point is propagated to the successor
program points. A binding is often just “passed through” many program points,
and only used occasionally by other program points later on. In a sparse analysis,
such bindings can directly be propagated from the definition sites to the program
points where they are actually used. That is, in such a sparse analysis bindings
get propagated directly following data dependencies instead of being passed along
through the control-flow paths of the program. These data dependencies can
be computed through a (cheap) pre-analysis. In contrast to abstract GC, using
such a sparse analysis optimisation does not impact precision at all. Instead, it
improves scalability, as updated bindings do not need to be propagated through
intermediary states that do not make use of these bindings. As such, it provides
a form of garbage irrelevance (based on usage instead of reachability) by avoiding
the need to revisit those states upon a change of an unused binding, and reduces
memory consumption per program point. Similar to DSS-FS, a sparse analysis
can limit the store of a program point to only include relevant bindings. The dif-
ference is that for DSS-FS, these relevant bindings also include bindings that only
need to be propagated. That is, unlike sparse analyses, DSS-FS propagates the
entire (garbage-collected) store to the successor configurations (i.e., following the
control-flow of the program). We leave a sparse formulation of DSS-FS to further
improve its scalability open as future work. Note, however, that an incorporation
of reachability-based abstract GC into such a formulation may harm sparsity, as
computing reachability needs to use the references of all reachable addresses.

4.8 Conclusion

In this work, we have presented delta store semantics (DSS), a novel formulation
for big-step abstract definitional interpreters where evaluation steps return a delta
store to capture all changes made to the input store. Unlike regular stores, delta
stores are more minimal (representing only changes), reusable (being able to be
applied to or replayed for a (larger) store), composable, and efficiently joinable.
We have shown how these delta stores enable the integration of both abstract GC
and a flow-sensitive variant of store widening into DSS.

When using DSS with abstract GC — without store widening — we not only
achieve the full advantages of pushdown control flow and abstract GC, but also
unlock an additional synergy between both that further increases the benefits of
abstract GC. Specifically, we have shown both formally (using the Rocq the-
orem prover, for programs without variable assignment) and empirically (using
our implementation in MAF, including programs with assignments) that this com-
bination outperforms a small-step interpreter with abstract GC.
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When using DSS with flow-sensitive store widening, our experiments confirm
that DSS no longer faces the scalability issues that are inherent to the usage of
local (path-sensitive) stores. Unlike global (flow-insensitive) store widening, we
have shown that the resulting abstract interpreter still supports abstract counting
(i.e., strong updates) and remains compatible with abstract GC.
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5 A Parallel Worklist Algorithm for DSS

In Chapter 4, we presented a formal description of a big-step (abstract) semantics
with abstract GC. This description was mostly declarative: while we defined the
program semantics using an evaluation relation with recursive evaluation rules,
we left open how a fixpoint for this recursive relation should be computed op-
erationally. In this chapter, we propose the use of an efficient, parallel worklist
algorithm to compute the program semantics for DSS. As a baseline, we general-
ise an existing effect-driven worklist algorithm (originally designed for a class of
modular, flow-insensitive analyses), so that it can also be instantiated for DSS.

Next, we focus on an efficient parallelisation of this worklist algorithm, taking
advantage of today’s multi-core CPUs to further speed up the underlying analysis.
Existing work on parallel analysis usually targets traditional data flow analyses
for static, first-order languages (such as C), where dependencies between analysis
results are known a priori (simplifying parallelisation strategies). In contrast,
our parallel worklist algorithm can handle more complex analyses for “harder-to-
analyse” higher-order, dynamic languages (such as JavaScript), where dependen-
cies between analysis results are only discovered during the analysis itself. The
key insight of our parallelisation technique is to exploit the modular nature of the
effect-driven worklist algorithm, in which different components can be analysed in
isolation from one another (and therefore also in parallel). The parallel worklist
algorithm takes into account dependencies between these components to correctly
orchestrate their analyses. At the same time, we can show that it can further take
advantage of the monotonicity of the analysis to speed up its convergence.

While we instantiate our parallel worklist algorithm for DSS, it remains ap-
plicable and efficient for a large class of analyses where dependencies need to be
computed during the analysis itself. We demonstrate this by evaluating our par-
allel algorithm for another existing analysis, MODF'. Using a set of Scheme bench-
marks, we observe good scalability of our parallel worklist algorithm for DSS(-FS)
and MODF up to 16 workers (with most speedups in the 4x—16x range).
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5.1 Motivation

In Chapter 4, we defined the abstract semantics for Aang in terms of the evalu-
ation relations (@A) and (ﬂ?) We defined (ﬂA) and (ﬂ? ) as the minimal relations
closed over a given set of evaluation rules. In theory, one can directly apply a
Kleene-Tarski iteration [157, 87] to compute these minimal relations as the least
fixpoint. However, such a “bottom-up” computation is not practical, as all pos-
sible configurations (for a given program) in C/o\nfig would have to be enumerated
and evaluated. In the original work on abstract definitional interpreters, Darais et
al. [40] describe a “top-down” cache-based fixpoint algorithm to compute the ab-
stract semantics. Such a top-down approach starts from the topmost expression
of the program to analyse, and only explores configurations that are reachable
from this expression through recursive evaluations. However, this algorithm can
still not be considered efficient: every iteration needs to re-evaluate the entire pro-
gram, based on the results of the previous iteration. The algorithm stops when
no new results are discovered with respect to the previous iteration.

In contrast, as the foundation for this chapter, we employ an effect-driven
worklist algorithm, originally designed by Nicolay et al. [119] in the context of
modular program analysis. This algorithm employs a worklist of components
that need to be analysed (i.e., configurations for which the result needs to
be computed). It also keeps track of dependencies between the analyses of
components (i.e., derivations of the evaluation), so that whenever information
is updated (i.e., new derivations are discovered), components that are impacted
by this updated information are added back to the worklist for (re-)analysis (we
say an effect is triggered). The algorithm terminates when the worklist is empty
(i.e., no more effects are discovered). This approach is generally more efficient,
as it avoids having to re-evaluate the entire program on each iteration.

In this chapter, we aim to further improve the performance of this work-
list algorithm through parallelisation. The motivation is twofold. First, we
identify opportunities for parallelisation inherent to this algorithm. Therefore,
we can speed up the program analysis for free (i.e., by exploiting these existing
opportunities). Second, a parallelisation of this worklist algorithm enables the
parallelisation of a large class of analyses where dependencies between analysis
results cannot be known upfront (e.g., for higher-order languages). Existing
work has shown that such languages are harder to analyse (see Section 5.1.1).
We can automatically render these analyses parallel for free (i.e., without
any modifications to the underlying analysis itself) by swapping the existing
sequential worklist algorithm with our parallel algorithm. The only requirement
is that these analyses can reify their computational dependencies.
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5.1.1 Problem: Parallel Analysis for Higher-Order Languages

In order to be useful, static analyses require both good precision and perform-
ance. High precision can be achieved through various techniques, such as increas-
ing context sensitivity [146, 55| or using a more precise abstract domain [33].
Unfortunately, such precision-increasing techniques often come at the cost of in-
creasing the complexity of the analysis, therefore also impacting its performance.
Abstract GC is one of the few techniques that usually improves both precision
and performance. Another “free” approach to speed up the analysis is to exploit
today’s ubiquitous multi-core CPU architectures and parallelise the analysis.
There is ample existing work on developing such parallel analyses. However,
most of the existing parallel analysers target rather static languages such as
C [114, 181, 100, 86, 4]. An advantage when parallelising the analysis for such
languages is that the control-flow dependencies of the analysed program are al-
most entirely known beforehand (i.e., the inter-procedural call graph is available a
priori). For instance, the SATURN analyser [181] exploits these call dependencies
by parallelising a bottom-up analysis, in which a function is only analysed after
all its callees have been analysed. Such a bottom-up analysis is almost trivially
parallelisable: the analysis can start by analysing all functions at the bottom of
the call dependency graph (those without any callees) in parallel, then analyse all
subsequent functions whose callees have already been analysed in parallel, and so
on'. The authors report speedups up to 29x (for 80 cores) using this approach.
In contrast, less attention has been given so far to the parallel analysis of highly
dynamic, higher-order languages such as JavaScript or Scheme. Parallelising an
analysis for these languages is more challenging, as the control-flow behaviour
of the program and dependencies between analysis results are not known before-
hand, and only discovered during the analysis itself. The parallelisation strategies
described previously would for instance not be applicable to DSS (Chapter 4),
as DSS interleaves the computation of the program’s control and data flow (e.g.,
the program path chosen by the E-APP rule is determined by the set of closures
flowing to the operator value). Other parallelisation strategies that can handle
such analyses fall short in their results and applicability. For instance, Dewey et
al. [42] parallelise JSAI, an abstract interpreter for JavaScript, by exploring mul-
tiple independent program states in the analysis in parallel. Compared to parallel
analyses for static languages, the speedups are more modest here: on 12 cores,
most benchmarks achieve a 2-4x speedup. Furthermore, as the exploration of

!Note that in such a bottom-up analysis, functions that are (mutually) recursive form a strongly
connected component (SCC) in the call graph, and need to be analysed together in a single
fixpoint computation.
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program states is parallelised by context, their approach is only able to parallelise
context-sensitive analyses, and its efficiency is very dependent upon the choice
and impact of context sensitivity for the analysed program.

5.1.2 Approach: A Parallel, Effect-Driven Worklist Algorithm

In this chapter, we present a novel approach to automatically parallelise a general
class of analysers for dynamic, higher-order languages. Specifically, we propose
the parallelisation of an effect-driven worklist algorithm for modular analyses. In
a modular analysis [35], a program is split up into different components (such
as the functions in the program), and those components are repeatedly analysed
in isolation. For DSS, when expressed as a modular analysis, these components
correspond to configurations that are to be evaluated.

We consider a modern formulation of modular analyses for highly dynamic and
higher-order languages, using an effect-driven worklist algorithm that can keep
track of dependencies discovered during the analysis itself. This worklist algorithm
has recently been used for both inter-procedural analysis [119] and for the inter-
process analysis of concurrent programs [153]. Although these analyses have been
touted for their applicability and scalability, so far no attention has been given
to their inherent opportunities for parallelisation. Concretely, we identify the
following opportunities for an efficient parallelisation of this worklist algorithm:

e The key insight is that the modularity of the analysis can be exploited for
parallelisation: as the analysis of a single component is done in isolation,
multiple components can safely be analysed in parallel. In order to en-
sure that the overhead of the parallel scheduling does not overshadow the
potential for speedups, it is important to use sufficiently coarse-grained com-
ponents (i.e., components that take long enough to analyse individually).

e The worklist algorithm is effect-driven. Therefore, computational dependen-
cies between the analyses of different components are already reified (since
these are needed to determine which components are impacted when an
effect is triggered). The availability of these reified dependencies enables
determining if parallel analyses of multiple components are truly independ-
ent of one another. If not, the parallel algorithm can correctly take into
account any possible interference on shared analysis state.

o A final insight is that we can exploit the monotonicity of the analysis. The
analysis of a component may no longer be up-to-date if a parallel analysis
of another component triggered an effect that updated one of its dependen-
cies. In general, a parallelisation technique such as Software Transactional
Memory (STM) [145] would therefore invalidate the result computed for
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that component. However, in this specific domain, due to the monotonicity
of the analysis, we are certain that this updated state for this dependency
will only lead to results that subsume the outdated information. As such,
the effects computed by an outdated analysis of a component can still be
used to update the analysis state to speed up its convergence. This insight
is not novel: our observation had already been formally stated in an early
theoretical framework for parallel fixpoint computations by Cousot [32].

We first generalise the sequential worklist algorithm of Nicolay et al. (Section 5.2),
so that it can also be instantiated for DSS and DSS-FS. Next, we formulate a new
parallel variant of this worklist algorithm (Section 5.3) that yields the same results
as the sequential version. The resulting algorithm remains completely agnostic of
the particular instantiation of the modular analysis. While we focus on DSS, it
can be applied to render any existing modular analysis parallel for free.

5.2 A Sequential Worklist Algorithm for DSS

We first consider a sequential version of the effect-driven worklist algorithm. Nic-
olay et al. [119] originally designed this algorithm for a flow-insensitive analysis
(i.e., an analysis using a global store) without any form of abstract counting and
abstract GC. In this section, we show how this worklist algorithm can be gen-
eralised to support more analyses (Section 5.2.1), and then demonstrate this by
instantiating it for both DSS (Section 5.2.2) and DSS-FS (Section 5.2.3).

5.2.1 Effect-Driven Worklist Algorithm

The core idea of a modular analysis is that the program under analysis can be
divided into multiple components, which are analysed separately and for which
the results can be combined to synthesise the analysis result for the whole pro-
gram [35]. The exact definition of a component can be chosen depending on the
given program and the goal of the analysis, and typically represents an abstrac-
tion of some run-time entities in the program (such as function calls [119] or
threads [153]). Ideally, these components can be analysed independently of one
another, enabling a “divide-and-conquer” approach to program analysis. However,
usually analyses of components can still influence and depend on one another. For
instance, when components are chosen to be functions, the analysis of one func-
tion may modify a global variable read by another, requiring a re-analysis of the
latter. Similarly, when components are chosen to be threads, the analysis of one
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thread may spawn a new thread that needs to be analysed. In general, as the

analyses of components are interdependent, some form of fixpoint computation is

necessary to analyse components multiple times until convergence is reached.

We consider an effect-driven worklist algorithm to efficiently compute this fix-
point. The algorithm orchestrates the analysis of components in a modular ana-
lysis. The key idea is that a component only needs to be (re-)analysed when it
has potentially been impacted by the analysis of another component. Therefore,
the algorithm keeps track of the dependencies of each component, and schedules a
component c for re-analysis as soon as the analysis of another component triggers
an effect that impacts one of the dependencies of component ¢. Concretely, each
effect modifies some part of the global analysis state, and may trigger re-analyses
(using the updated analysis state) for components that had dependencies on that
part of the analysis state. The algorithm terminates when no more effects are
triggered, indicating that the global analysis state has converged.

The original version of this worklist algorithm [119]? was formulated for a modu-
lar analysis where components correspond to function calls and where the analysis
state corresponds to a single global store (since the analysis is flow-insensitive). We
present a generalised version of this algorithm, leaving open the definition of com-
ponents, the global analysis state and the analysis of components as configurable
parameters. Different choices for these parameters lead to different instantiations
of modular analyses (we show one for DSS and DSS-FS in Sections 5.2.2 and 5.2.3,
respectively). Concretely, an instantiation of the analysis should provide:

o A choice of Com/paent to represent components. For example, in a function-
modular analysis, Coment is the set of all functions in the program.?

The instantiation should also provide some component ¢y € Com/po\nent that

represents the “entry point” of the program. In a function-modular analysis,

co would represent the initial call to the main function of the program.

o A choice of De@ncy to represent dependencies. Dependencies identify
a part of the global analysis state that the analysis of a component may
depend on. For example, in a flow-insensitive analysis, the global analysis
state contains the global store of the analysis. A dependency then corres-
ponds to an address in the shared global store. Typically, this analysis state
also contains a cache holding the current analysis results per component.
Mutually dependent component analyses can register dependencies on each
other’s results, leaving the fixpoint computation to Algorithm 3.

2Technically, the worklist algorithm in [119] was adapted from a similar worklist algorithm in
earlier work on process-modular analyses [153].
3 Assuming no context sensitivity is added to the components.
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e A choice of S/t;ﬁedep to represent the part of the global analysis state as-

sociated with a particular dependency dep. For example, when dep is an
address in the global store, S/t\atedep is used to represent the abstract value
bound to dep in the global store. Put differently, the global analysis state
is partitioned by dependencies, and S/teEadep is used to represent that part
for dependency dep. We require that each S/t;\?edep forms a join-semilattice

(Section 2.3.1) with bottom element J_@m and join operator (u@dw)

that adheres to the ACC (cf. condition 3 below).

A function ANALYSE which is responsible for the analysis of a single com-
ponent ¢, given the current analysis state S. This function returns a tuple
(C,R,U). C is the set of all components that were discovered during the
analysis of component ¢ (e.g., in a function-modular analysis, all functions
that were called). R is the set of all dependencies that the analysis of com-
ponent ¢ depended on (e.g., some shared mutable state that was read). U is
a (partial) map of updated dependencies; that is, it maps dependencies that
were modified to the updated analysis state for that dependency (e.g., some
shared mutable state and the value it was updated to). We require ANALYSE
to be monotone, in the sense that if S T S, (C, R,U) = ANALYSE(c, S) and
(C',R',U") = ANALYSE(c, S"), then C C C', RC R and U C U’.

ALGORITHM 3: The sequential effect-driven worklist algorithm.

=

© W N O b W N

10
11
12
13

W={co}, V=A{co}, S=Adep. L= , D= Ndep. &

Statege,

while W# & do

pick any c € W
W:= W\ {c}
(C,R,U) = ANALYSE(c, S5)
W:=Wu((C\V)
V=VucC
foreach dep € R do
‘ D := D[dep — D(dep) U{c}]
foreach (dep,l) € U do
if S(dep) # 1 then
S := S[dep — 1]
W:= WU D(dep)

Algorithm 3 maintains four iteration variables: a worklist W, a visited set V,
the global analysis state S and a dependency map D. The worklist W contains
all components that still need to be analysed (initially only containing cy). The
visited set V is used to keep track of all components that have already been
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discovered during the analysis (initially also containing only ¢p). The worklist
algorithm repeatedly updates S, the global analysis state, until it converges to a
fixpoint. The global analysis state is partitioned by dependencies. E@refore, it
(dep:Dep?nﬁncy)Statedep' The
dependency map D tracks for each dependency dep the set of all components
that depend on the analysis state associated with dep. This way, the algorithm
can immediately determine which components need to be re-analysed when the

is represented using a (dependent) function of type IT

analysis state associated with that dependency is updated.

The algorithm uses a sequential worklist iteration: as long as the worklist is
not empty (line 2), it arbitrarily picks (line 3) and removes (line 4) a component ¢
from W. This component is then analysed using the function ANALYSE (line 5).
All previously unseen components are added to the worklist for analysis (line 6)
and to the visited set V (line 7). For each dependency dep that was relied on
during the analysis of component ¢, we add ¢ to the set of components potentially
impacted by a change to the analysis state associated with dep (line 9). For
each dependency dep that was updated during the analysis of component ¢, we
directly modify the analysis state associated with dep (line 12), and subsequently
add all components potentially affected by this update to the worklist (line 13).

It can be shown that this worklist algorithm is always guaranteed to ter-
minate as long as the following conditions are met:

1. The set of components Com/po\nent is chosen to be finite.

2. The set of dependencies Depe/ngncy is chosen to be finite.

3. For each dependency dep, the analysis state associated with dep (i.e., the

choice of S/t\atedep) conforms to the ascending chain condition.

4. The component analysis function ANALYSE is monotone (as defined above).
Given these conditions, the order in which components are picked from the work-
list (line 3) also does not influence the final result of the analysis (i.e., the analysis
always converges to the same analysis state .S). Nevertheless, the order in which
components are analysed can influence in what sequence the analysis state con-
verges and how many iterations are required in the algorithm. In practice, it can
therefore have a significant impact on analysis performance.

Discussion. A key aspect of this effect-driven worklist algorithm is that it sup-
ports new components and dependencies being discovered during the analysis
itself. It is exactly this aspect that renders this algorithm suitable for the analysis
of dynamic, higher-order languages (such as JavaScript and Scheme), as in general
the components and dependencies for a given program are not known upfront.
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5.2.2 Instantiation for DSS

We now show how the generalised effect-driven worklist algorithm of Section 5.2.1
can be instantiated for a DSS-based analysis. As such, this worklist algorithm can
be employed to efficiently compute the program semantics as the least fixpoint
over the evaluation rules of DSS. First, we consider DSS with abstract GC, but
without any form of store widening (as presented in Section 4.4). We consider each
of the parameters that need to be provided for an instantiation of Algorithm 3.

Components. In this setting, components correspond to configurations that

~A
need to be evaluated (using the abstract big-step evaluation relation |5 ). The
initial component cg is the initial configuration for the program e under analysis.

Component = Config co= (e [], Lezes to)

Recall that, when using abstract counting and/or abstract GC with an infinite
abstract domain (regardless of its adherence to the ACC), the analysis may fail
to terminate due to a potentially infinite number of configurations. This would
translate to a potentially infinite number of components (in violation of condition
(1) for termination, as given in Section 5.2.1). Therefore, in order to guarantee
termination, DSS-based analyses should either not use abstract GC or abstract
counting, or instead switch to a finite abstract domain.

Dependencies. In DSS, the evaluation of one configuration using ﬂ? may re-
quire the result of the evaluation of another configuration (for recursive evaluation
rules). The evaluation results for each configuration (that has been visited) are
maintained in the global analysis state. Therefore, dependencies correspond to
configurations for which the evaluation result is required.

De@ncy = (fr?ig

Analysis State. For each dependency (i.e., configuration), the global analysis
state keeps track of the evaluation results for the corresponding configuration.
Due to the nondeterminism in the evaluation rules, a single configuration may
have multiple evaluation results, which are kept together in a set.
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S/t\EBtEdep = P(@c) (Vdep € Dep;rﬁncy)

Given these definitions for dependencies and their associated analysis state, the
global analysis state effectively corresponds to a cache of type Cache = C/orEg —
P(Im) that keeps track of the evaluation results for each encountered con-
figuration. The effect-driven worklist algorithm given in Section 5.2.1 computes

~A
a fixpoint for this cache w.r.t. the mutually recursive evaluation relations ({} )

and (ﬂ?) for the given program. The resulting cache S is equal to the cache
computed by the iterative fixpoint computation of Darais et al. [40]. After ter-
mination, the final evaluation results for the top-level program expression e (i.e.,
the result of eT/EI(e)) can be queried as S(cp).

Component Analysis. The analysis of a single component ¢ (i.e., using the ANA-
LYSE function) corresponds to the evaluation of configuration c¢. A key point is
that during this evaluation, we can create new components for recursive evalu-
ations of other configurations instead of evaluating these directly. We use the
current cache to retrieve the latest version of the evaluation result for these con-
figurations. Concretely, we adapt the definitions of ({~) and (ﬂ?) as follows:

e We pass along the current analysis state — i.e., a cache X — to reuse
the analysis results for recursive evaluations. Instead of evaluating another
configuration conf € C?\nﬁg directly, we can look up its current analysis result
fes € Result in the cache. However, we do not need to do this for every
recursive evaluation: we only apply this caching mechanism at function
call boundaries (i.e., in the E-APP rule), since this is the only place in
these semantics where the evaluation could enter into a loop. Breaking
this loop ensures that the computation of ANALYSE using (ll?) becomes
trivial. Another reason to use the cache only at function boundaries is that
it increases the work that is done for the analysis of a single component
using ANALYSE (because other configurations do still need to be evaluated).
This in turn increases the potential for parallelisation later (cf. Section 5.3).

e The evaluation now also keeps track of the set of components C (i.e., con-
figurations) for which the analysis results were retrieved from the cache,
instead of being evaluated directly. This is necessary to ensure these com-
ponents are in turn analysed (if they have not yet been discovered), and to
register a dependency on these components for the analysis of the current
component. The latter ensures that the current component gets re-analysed
if the analysis results in the cache for any of these components are updated.
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As a result of these changes, we now have that ({ ), (Ip)
(Result x ’P(Com/po\nent) ). The updated evaluation rules are given below

C (Config x Cache ) x
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Using these updated evaluation rules, we can define ANALYSE as follows:

ANALYSE((SFf,X) = (C,R,U)
where § = {(7&, ) | conf, X [f fes, ()

C=RrR= |J C
(.,C)es
U = [conf — {res | (res, ) € S}

For a given component (i.e., configuration) c/oFf, ANALYSE(CGH]‘, X) computes the
results for the evaluation of this configuration with respect to the current cache X.
Both C and R correspond to all configurations for which the results were retrieved
from the analysis cache throughout this evaluation. The only part of the analysis
state that is (potentially) modified as a result of this evaluation is the result for
conf in the cache. Therefore, U is a singleton set representing this update.

Note that, although the definition of ANALYSE is still formulated in terms of
derivations of the evaluation relation (@?)7 these derivations are now trivially
computable, as loops are no longer possible with these evaluation rules.

5.2.3 Instantiation for DSS-FS

We now instantiate the generalised worklist algorithm for DSS-FS — i.e., for DSS
with abstract GC and flow-sensitive store widening (as presented in Section 4.5).
We revisit each of the parameters provided for an instantiation of Algorithm 3.

Components. The definitions of Comp/xent and ¢y remain essentially unchanged
with respect to the instantiation for DSS (cf. Section 5.2.2).

o — ~

Com/po\nent = Config co = (e, [], to)

Crucially, since configurations in DSS-F'S no longer have their own separate store,
we are guaranteed to always have a finite number of components. This is necessary
to ensure the termination of Algorithm 3 (as described in Section 5.2.1).

4In fact, for AanF, the only remaining rule with recursive evaluations is the E-LET rule. However,
in a more conventional, richer language (e.g., one with if-expressions), evaluation rules with
direct recursive evaluations would greatly outnumber those that instead retrieve the result
from the cache (without any other looping constructs, this in fact happens only in E-APpp).
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Dependencies. For DSS-FS, we identify two different kinds of dependencies dur-
ing the evaluation of configuration conf. As for DSS, the evaluation may depend
on the evaluation result of other configurations. In addition, due to the flow-
sensitive store widening, the evaluation requires access to the store that is associ-
ated with conf. Therefore, we define De@ncy as follows for DSS-FS:

—

Dependency ::= result(czﬁf) | store(c?ﬁf)

Analysis State. Dependencies of the form result(c?ﬁf) are associated with the
evaluation result for conf. Unlike for DSS, the evaluation rules for DSS-FS are
deterministic, so only a single evaluation result is kept per configuration. Depend-
encies of the form store(conf) are associated with the (widened) store for conf.

- Result if dep = result(conf)
ategep = ¢ —— —
aer Store  if dep = store(conf)

This leads to a global analysis state consisting of both (1) the cache X of eval-
uation results (as for DSS) and (2) a map Z : (m — S/the, which maps each
configuration to a single (widened) store. Under flow-sensitive store widening (cf.
Section 4.5), all stores that can “flow to” a configuration conf are joined together
at é(cf)ﬁf) Similar to the cache of evaluation results X, the store map = is built
up by the iterative fixpoint computation of Algorithm 3.

Component Analysis. We adapt the definitions for (ILA) and (ﬁ?) as follows:

« We pass along the current cache X (as for DSS in Section 5.2.2).

« We also pass along the current store map Z. Each rule uses the store é(CGHf)
for the evaluation of configuration conf. Since = only keeps track of the store
for configurations which are also cached (i.e., in X), we extend = locally (e.g.,
in the E-LET rule) for direct (i.e., non-cached) recursive evaluations.

e The evaluation keeps track of a set C of all configurations for which cached
analysis results were used (as for DSS), along with the store they were en-
countered with. The latter is necessary to correctly update = for these con-
figurations (i.e., by joining the encountered store into é(cgﬁf) for each cT)Hf).
We represent C asa partial function of type (?nf\ig — S/t\ore, mapping each
configuration in C to the store it was encountered with (more specifically,
the join of all stores it was encountered with throughout the evaluation).
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Using these updated evaluation rules, we can define ANALYSE as follows:

ANALYSE(conf, §) = (C, R,U)
where X(cggf) = S(result(cGHf))
=(conf) = S(store(conf))
conf, X, [ es, C
C = {conf | conf € dom(C)}
R= {result(c/oﬁf/) | conf € cru {store(c/oﬁf)}
U = [result(conf) s res] LI
|| [store(conf) — E(conf ) U C(conf )]

gn\fledom(é)

Function ANALYSE first splits the given analysis state S into a cache X and store
map 2, which are used to evaluate the given configuration conf. The set of cre-
ated components C' is directly available from the evaluation. The set of read
dependencies R contains both dependencies on the evaluation results of other
configurations, as well as a dependency on the store associated with the current
configuration (the only cached configuration for which the store is read from the
analysis state). The map of updated dependencies U contains the updated result
for the analysed component (as for DSS) plus, for each configuration conf in C )
the store t}ﬂ ?)Ff/ was encountered with. Specifically, all stores Llia,t are known
to flow to conf are joined together with the existing store at =(conf ).
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5.3 A Parallel Worklist Algorithm for DSS

Algorithm 3 shows how an analysis fixpoint can be computed efficiently using a
sequential, effect-driven worklist algorithm. In this section, we propose a novel
parallel version of this worklist algorithm, obtaining the exact same result as its
sequential counterpart. A key benefit of parallelising this generalised worklist
algorithm is that its existing instantiations (such as those for DSS and DSS-FS)
are automatically rendered parallel for free (i.e., without any modifications).

We first present our core parallel worklist algorithm (Section 5.3.1). Then,
we propose some optimisations that can be applied to this algorithm to further
increase its parallel efficiency (Section 5.3.2).

5.3.1 Parallel Effect-Driven Worklist Algorithm

The core idea for a parallel variant of the effect-driven worklist algorithm (Al-
gorithm 3) is to exploit the inherent opportunity for worklist-based parallelism.
That is, multiple components in the worklist W can be analysed in parallel. A
key benefit of the modular analysis design is that it automatically provides coarse-
grained tasks (i.e., analyses of components) that can be run in parallel because
they are already computed in isolation from one another.

More specifically, our parallel worklist algorithm uses a separate worker thread
for each component in the worklist that needs to be analysed. To avoid syn-
chronisation costs in updating the global analysis state (i.e., S in Algorithm 3),
each component is analysed using its own local copy of that analysis state. A
single coordinator thread is responsible for processing the incoming results of
the component analyses and subsequently updating the global analysis state.
Our parallel worklist algorithm thus follows the “coordinator-worker” paradigm,
which can easily be implemented using several concurrency mechanisms (e.g.,
using actors). It is important to highlight that processing results using a single
coordinator thread introduces a sequential bottleneck, but trivially avoids issues
with race conditions. That is, we are theoretically limited by the rate at which the
coordinator can “commit” the results for the analysis of a component to the global
analysis state. We expect throughput to be mostly dominated by the cost of
the component analyses, which can be processed in parallel using multiple workers.

There are two key insights that we leverage for the parallel worklist algorithm:

e When multiple component analyses are executed concurrently, it may occur
that one updates some part of the global analysis state that the other de-
pends on. Since the analysis state is kept local to each worker, such updates
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happening in one component analysis are not visible in another.® There-
fore, after each component analysis, it should be checked that no part of
the analysis state that was read during that component analysis has been
updated in the meantime; if so, the component should be analysed again.
We do not require any additional bookkeeping for this, as we can exploit the
dependencies that the component analysis relied on (i.e., the set R returned
by the ANALYSE function) to check if another (parallel) component analysis
might have interfered in its computation.

e We can exploit the monotonicity of the analysis when updating the analysis
state. If a component analysis updates some part of the analysis state, we
can always apply these updates to the global analysis state, even if the local
analysis state used during the component analysis is no longer up-to-date
(i.e., not using the latest S). The reason is the following: this local ana-
lysis state would always be subsumed by any newer state (because S only
“grows”), so that by the monotonicity of the component analysis (cf. the
monotonicity assumption for ANALYSE), we can guarantee that an updated
result computed using this newer state would subsume any previously com-
puted result. Because of the associative and commutative properties of the
join operator, we can always apply the computed updates to the current
analysis state, even if that analysis state is more up-to-date than the local
analysis state that they were computed with. Again, we do not require any
additional bookkeeping for this, as we can exploit the dependencies that the
component analysis updated (i.e., the set U returned by the ANALYSE func-
tion) to track all updates to the analysis state after a component analysis.

Note that, the resulting approach to parallelism has certain similarities to STM:
when analysis state that was read by one component analysis (analogous to
mutable state read by an STM transaction) is updated by another parallel
component analysis (i.e., written to by another parallel STM transaction), the
component analysis needs to be re-executed (i.e., the STM transaction is retried).
However, unlike in traditional STM, we do not need to throw away the results of
a component analysis (i.e., the updates performed by an STM transaction) that
needs to be retried. Instead, by exploiting the monotonicity of the analysis, we
can still integrate those changes to the analysis state, speeding up its convergence.

The parallel worklist algorithm is shown below in Algorithm 4.

5Even if the changes computed during the component analysis were directly performed on some
shared, mutable analysis state instead, one component analysis may have already read part
of this state before another parallel component analysis updated that part of the state.
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ALGORITHM 4: The parallel effect-driven worklist algorithm.
1 P={co},V={co}, S=Ndep. L , D= Adep. ()

Statege,
2 function SCHEDULE(c):
3 fork
4 Slocal =S5
5 result = ANALYSE(¢, Siocal)
6 send (¢, Sjpeal, result) to coordinator
7 SCHEDULE(co)
8 while P # () do
9 wait for next result (¢, Sjocar, (C, R, U))
10 foreach ¢ € C do
11 if ¢ ¢V then
12 V:i=Vu{d}
13 P:=PuU{d}
14 SCHEDULE(()
15 foreach dep € R do
16 ‘ D := D[dep — D(dep) U{c}]
17 foreach (dep,l) € U do
18 if | Z S(dep) then
19 S := S[dep — S(dep) U]
20 foreach ¢’ € D(dep) do
21 if ¢ ¢ P then
22 P:=PuU{d}
23 SCHEDULE(()
24 if Idep € R : Sipcai(dep) # S(dep) then
25 ‘ SCHEDULE(c¢)
26 else
27 ‘ P:= P\ {c}

Similar to the sequential algorithm, it keeps track of a visited set V', the global
analysis state S and a dependency map D (line 1). However, there is no longer a
worklist W: components that need to be analysed are directly sent off to a worker.
This happens using the function SCHEDULE (lines 2-6): a new task is forked
(which we assume is eventually assigned to a worker thread) that will analyse the
given component (using the ANALYSE function) and send back the result to the
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coordinator when finished.® A set P keeps track of which components are currently
scheduled (in parallel) by this function, ensuring that a single component is never
scheduled multiple times at any given moment.

To kickstart the analysis, we schedule the initial component ¢y (line 7). The co-
ordinator thread then enters a loop (lines 8-27) which stops once all the scheduled
components have been analysed (i.e., when the set P is empty). In each iteration,
it updates the analysis state after receiving an incoming result of a component
analysis (computed by a worker) of some component ¢ (line 9).

Analogous to the sequential algorithm, it first schedules every discovered com-
ponent in C that has not yet been visited” (lines 10-14), then registers the read
dependencies R of the component that was analysed (lines 15-16).

Updating the analysis state becomes more complicated for the parallel al-
gorithm, as we have to take into account that S has been updated during the
analysis of component ¢ (in which case Sjyeq; # S). For an updated dependency
(dep,l) € U, we are guaranteed (cf. assumptions on function ANALYSE) that
Siocal(dep) C 1, but not that S(dep) C I. As such, we cannot just replace S(dep)
with [; instead, we need to apply each update to the current analysis state using
a join. Concretely, we first check (line 18) for every updated dependency dep,
if the updated value [ is already subsumed by the current value in the analysis
state S(dep). If so, this means that another (parallel) component analysis already
updated S(dep) in a way that the current update is already incorporated in the
analysis state. Otherwise, we join the current value S(dep) with the updated
value [ (line 19). Again, we cannot just replace S(dep) with [ (as we did in the
sequential algorithm), since S(dep) may have been updated so that S(dep) £ 1
and [ [Z S(dep). The monotonicity of the analysis combined with the commutative
property of the join operator allows us to join both values, as the order in which
updates to the analysis state happen does not influence the outcome. By perform-
ing updates to the analysis state in this way, the parallel analysis can speed up
its convergence. As in the sequential algorithm, we also schedule all components
that may have been affected by the triggered dependency dep (lines 20-23).

Finally, we must check if component ¢ needs to be re-analysed because some part
of the analysis state it depends on (as indicated by R) was updated. Concretely,
we check if any dependency dep € R that was used during the component analysis
has been updated in the meantime (line 24). If so, we must re-analyse component
¢ to take into account this updated analysis state (line 25). If not, the analysis
result of ¢ has been processed, meaning that we can remove it from P (line 27).

5In an actual implementation, it is necessary to make S a volatile variable. The coordinator
thread modifies S, while worker threads only read S. It is not necessary for a worker to have
the latest version of S; variable Sjocq; is introduced to ensure a single version of S is read.
"Note that ¢/ € V implies ¢’ ¢ P here.

145



CHAPTER 5. A PARALLEL WORKLIST ALGORITHM FOR DSS

Discussion. The parallelism that can be exploited by this algorithm will depend
on the number of components that are scheduled at the same time (i.e., based
on the size of the set P). The analysis behaviour is non-deterministic in the
order in which scheduled components are analysed, the order in which concurrent
component analyses finish, and the order in which their results are processed.
This significantly influences in what order and in how many iterations the analysis
state will converge; however, it has no impact on the final analysis result, which
regardless of this order is always the same as that of Algorithm 3.

5.3.2 Optimising for Parallel Efficiency

We present three optimisations that can be applied to Algorithm 4 to further
enhance its parallel efficiency. These are all aimed at reducing the workload of
the single-threaded coordinator, so that it can process analysis results from the
workers faster. This allows for greater speedups, as the sequential bottleneck is
reduced. We present the optimised parallel worklist algorithm in Algorithm 5,
and discuss each of the optimisations that have been integrated.

Avoiding Joins for Private Dependencies. Recall that the parallel worklist al-
gorithm — unlike its sequential counterpart — needs to update dependencies by
joining the result of the component analysis [ for a dependency dep with the
current state S(dep) (line 25). The reason for this is that a dependency can be
updated by multiple component analyses running in parallel, which requires all
contributions to be joined. Some dependencies, however, can only be updated by
the analysis for a single component (such as the dependency on the result of the
component being analysed). We refer to such dependencies as private dependen-
cies. Since our algorithm guarantees that there can never be multiple parallel
analyses of the same component, the coordinator does not need to perform a join
operation with the existing analysis state for these private dependencies.

Concretely, we assume each instantiation provides a predicate IsPrivate, which
determines which dependencies can be marked as private. For DSS, the only de-
pendencies are those related to the result of a component, which are only updated
by the analysis of said component. Therefore, all dependencies for DSS can be
considered private. For DSS-FS, the same dependencies on component results
are also private, whereas dependencies on the store used for a component are not
(since these can be updated by any “caller” component). Subsequently, the par-
allel algorithm is modified to directly update the analysis state (i.e., skipping the
join with the existing analysis state) for updated dependencies that satisfy the
IsPrivate predicate (line 23). For larger analysis states, this can meaningfully
reduce the workload for the single-threaded coordinator.
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ALGORITHM 5: The optimised parallel worklist algorithm.

1 P= {Co},v = {Cg}, S = )\dep. LS/HEdep’ D= /\dep. @, T = )\dep. 0

2 function SCHEDULE(c):

3
4
5

6

7

8

9

fork

(Stocat, Tiocar ) = (S, T")

(C,R,U) = ANALYSE(¢, Siocal)

c'=C\V

R' =R\ {dep€ R | c€ D(dep)}

U’ = {(dep, DIrr(l, S(dep))) | (dep,l) € U ANl # S(dep)}
send (¢, Sipcats Ry Tiocar » (€', R', U")) to coordinator

10 SCHEDULE(cy)
11 while P # () do

12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28

29
30

31
32

33
34

wait for next result (¢, Sjocal, Rail, Tiocal , (C, R,U))

foreach ¢ € C do
if ¢ ¢V then

V.=V u{d}
P:=PU{d}
SCHEDULE(()

foreach dep € R do
‘ D := D[dep — D(dep) U{c}]
foreach (dep,l) € Udo
if [ Z S(dep) then
if ISPRIVATE(dep) then
‘ S := S[dep ]
else
| S :=S[dep— S(dep) L]
T :=T[dep — T(dep) + 1]
foreach ¢ € D(dep) do
if ¢ ¢ P then
P:=PuU{d}
SCHEDULE(()
if Idep € Ray i Tiocar(dep) # T(dep) then
‘ SCHEDULE(c¢)

else
‘ P:= P\ {c}
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Filtering Component Analysis Results. The cost of processing the results is
directly linked to the size of the C', R and U sets returned by the ANALYSE function.
We can reduce the workload on the single-threaded coordinator by first filtering
these sets in the worker (preserving only the results that can be considered “new”)
after computing the component analysis. Specifically, the worker can remove all
components in C' which are already included in the visited set V', since these are
discarded anyway on line 11 in Algorithm 4. Similarly, it can filter the sets R
and U to only include dependencies that are not yet registered for the analysed
component or where the corresponding updates are not yet subsumed by the
current analysis state, respectively. Note that even if the worker pre-filters its
analysis results, the coordinator cannot leave out those same filters: the analysis
state may have been updated after the worker’s filtering of the results, but before
they are processed by the coordinator. On the other hand, the filtering itself is
always safe due to the increasing nature of the analysis (e.g., the set V' only grows,
so the filtering may only have been too conservative).

To incorporate this optimisation, we extend the worker’s thread spawned in
the SCHEDULE function in Algorithm 5. After computing the component analysis
result (C, R, U) (using function ANALYSE), the worker now filters these results into
an optimised result (C’, R, U’). The set C is filtered to only contain components
that are not yet in the visited set V' (line 6), since components that are already in
both C' and V" are simply skipped by the coordinator (line 14). The set R is filtered
to only contain dependencies that are new for the analysed component (line 7),
since existing dependencies do not actually contribute to D (line 19). The map U
is filtered to only contain the difference between the updated dependencies and the
current global analysis state (line 8). That is, we remove each updated dependency
(dep,l) where S(dep) = I, as these would otherwise be skipped by the coordinator
(line 21). For the updated dependencies that remain, we only preserve the part
of the analysis state that is not yet subsumed by the current analysis state. For
this purpose, we employ a function DIFF : S/tamedep X S/t;aiadep — S/t\atedep, which
takes the updated analysis state (associated with the updated dependency) and
the current analysis state, and computes the “difference” between both. Since this
function is dependent on the representation of S/teﬁedep, it is instantiation-specific.
For the instantiation of DSS, there is no need to make use of DIFF (i.e., we can
define DIFF as the identity function), since all its dependencies are private. For
the instantiations of DSS-FS, we define function DIFF as follows:

I if 1,1, € Result

DIFF(Z’ lpm)) = . —
Uia| (@)@} if L lpr € Store
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Note that the filtering of U happens with respect to the current global analysis
state S, and not the state Sj,cq; used for the analysis of the component. Doing so
ensures that potentially more dependencies can be filtered out (since Sipeqr T 5),
thereby further reducing the workload for the single-threaded coordinator.

Timestamped Dependencies. In practice, checking if no read dependencies were
changed after a component analysis by using equality checks on the correspond-
ing parts of the analysis state (i.e., line 24 in Algorithm 4) could be somewhat
expensive, at least in this context where we want to avoid a sequential bottleneck
by reducing the workload of the coordinator. A simple workaround is to assign a
timestamp to each dependency (initially 0 for every dependency). Whenever the
analysis state is updated, we increase the timestamp of the corresponding depend-
ency. As such, we can eliminate the expensive equality checks on analysis state,
instead replacing them with much cheaper equality checks on the timestamps of
the dependencies. Using such timestamps for cheaper comparisons goes back to
earlier work on optimising the performance of static analysers [147, 58].

In Algorithm 5, we integrate these timestamps by maintaining an additional
data structure T', which maps each dependency to a timestamp (initially 0). Each
update to the analysis state associated with a dependency increases the timestamp
of that dependency (line 26). The increased parallel efficiency comes from the
cheaper comparisons of timestamps (instead of analysis state) in the coordinator
thread (line 31). Note that, on line 4, it is important that the pair (Sjocars Tiocar) 1S
initialised atomically, so that the local timestamps match the local analysis state.

5.4 Evaluation

The sequential worklist algorithm of Section 5.2 is used by default in the MAF
framework [165] to drive modular analyses. We have implemented the instanti-
ations for DSS (Section 5.2.2) and DSS-FS (Section 5.2.3) in this framework (i.e.,
expressed as modular analyses). In our experiments, we can therefore measure
the efficiency improvement of the effect-driven worklist algorithm (compared to a
naive Kleene iteration) to compute the fixpoint for these DSS-based analyses.
Our parallel worklist algorithm (Section 5.3.1), including the optimisations dis-
cussed in Section 5.3.2, has also been integrated into the MAF framework, where
it is made available as a Scala trait that can directly be used with any existing
modular analysis. We set up our experiments (Section 5.4.1) using this imple-
mentation, and measure the speedups of the parallel version for an increasing
number of threads compared to the sequential worklist algorithm of Section 5.2.
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In addition, we have also verified the correctness of the parallel implementations

by running the built-in soundness tests of MAF and by verifying that analysis

results are the same as those of the sequential implementation for all benchmarks.
Specifically, we aim to answer the following research questions:

RQ1 How efficient is the effect-driven worklist algorithm to compute DSS-based
analyses compared to a naive fixpoint iteration?

RQ2 What speedups can the parallel worklist algorithm achieve for DSS?

RQ3 What speedups can the parallel worklist algorithm achieve for other instan-
tiations of the worklist algorithm such as MODF?

5.4.1 Experimental Setup

We describe the setup of our experiments. For RQ1, we use a slightly different
setup, as these experiments only pertain to the sequential worklist algorithm, and
therefore do not need to be executed in a multi-core environment. For RQ2 and
RQ3, we run experiments on different machines featuring a high number of CPU
cores, and employ a separate benchmark suite to ensure that benchmarks take
long enough to increase the potential for meaningful speedups.

Environment. We ran all experiments for RQ1 using Java version 17 (and Scala
version 3.1.0) on an Apple Mac Mini with an M2 Pro CPU and 16GB of RAM.
For both RQ2 and RQ3, we make use of different machines with a higher number
of CPU cores, running all experiments on an HPC cluster. This cluster runs each
benchmark on either a (shared) node with a 2x 32-core AMD EPYC 9384X CPU,
or a 2x 64-core AMD EPYC 9535 CPU.® All machines in the HPC cluster use

Java version 25, and we configured the JVM with a maximum heap size of 64GB.

Implementation. We implemented both the sequential (Section 5.2) and parallel
(Section 5.3) worklist algorithms into the MAF framework. We also provided
instantiations (which are shared for both the sequential and parallel algorithm)
for both DSS (Section 4.4) and DSS-FS (Section 4.5). In order to avoid measuring
mostly the overhead of abstract (tracing) GC, we modified the implementations
of DSS and DSS-FS to no longer apply abstract GC at every step, but only at
every function call. For RQ3, we configured the existing instantiation of MODF
in MAF with our parallel worklist algorithm.

8While these machines feature different performance characteristics, RQ2 and RQ3 only measure
relative speedups, and all measurements of the same benchmark run on the same machine.

150



5.4. EVALUATION

Benchmarks. For RQ1, we reuse the same benchmarks as for the evaluation in
Section 4.6, and refer to Table 4.1 for an overview of their characteristics. For
RQ2 and RQ3, we keep the same benchmarks for DSS. However, for DSS-FS
and MODF, these benchmarks are not adequate: as we measure speedups for
configurations up to 32 workers, we require that the sequential benchmark takes
long enough so that it offers opportunities for meaningful speedups. Therefore, we
use an additional benchmark suite provided by MAF, for which the characteristics
(LOC and sequential running time) are summarised in Table 5.1. When reporting
results for RQ2 and RQ3, for each configuration we filter out benchmark programs
for which the corresponding sequential benchmark took less than 1 second, or
where the sequential implementation timed out (using a timeout of 2 hours).

Benchmark | LOC | DSS-FS (m =0) | DSS-FS (m =2) | MopF (m =0) | MoODF (m =2)
multiple-dwelling 402 14m38s 00 1s 00
decompose 412 25m39s 00 2s 00
prime-sum-pair 394 9m13s 00 1s 00
eceval 774 00 00 43s 4m7s

peval 497 32m29s 00 3s 00

scheme 767 00 00 s 00

sboyer 632 1m9s 2m28s 11s 21s

matrix 617 2s 31s 74ms 2s

nboyer 625 1mbs 2m42s 5s 16s

browse 161 1s 2m20s 86ms 2s
compiler 466 26s 13m28s 417ms 23s

leval 334 49s 5m33s 343ms 5s

Table 5.1: An overview of the extra benchmarks for RQ2 and RQ3, along with
their LOC (as calculated by cloc) and running times for the sequential
implementation of DSS-FS and MODF (each with m = 0 and m = 2).
Benchmarks that timed out (after 2 hours) are marked using oo.

For all experiments, we use m-CFA [109] for context sensitivity (which uses the
top m stack frames as context), where higher values of m may increase precision.
For the abstract domain, we employ a constant propagation lattice (Section 2.3.1)
as an abstraction for primitive domains in all experiments.

Measurements. FEach experiment was preceded by 10 warm-up runs (with a
total timeout of 1 minute), and reported results are the median of 3 runs. As
advocated by Dewey et al. [42], we report speedups of the parallel worklist al-
gorithm relative to the sequential implementation (which is not always the case
for speedups reported in other related work [93, 101, 114, 175]).
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5.4.2 RQ1: Impact of the Effect-Driven Worklist Algorithm for DSS

The effect-driven worklist algorithm of Section 5.2, along with the instantiations
of Section 5.2.2 and Section 5.2.3, offer a more efficient fixpoint computation
for DSS and DSS-FS compared to a naive fixpoint computation (i.e., Kleene it-
eration). Such a naive fixpoint computation analyses all components using the
current analysis state in each iteration, and terminates once the analysis state has
converged (i.e., when none of the component analyses further modify the analysis
state). In contrast, the effect-driven worklist algorithm of Section 5.2 is a more
directed chaotic fixpoint iteration, which in each iteration only analyses a single
component that may have been affected by a change (i.e., effect) to the analysis
state in a previous iteration (by keeping track of dependencies).

To quantify the efficiency improvements brought by the effect-driven worklist
algorithm for DSS and DSS-FS, we compare their instantiations (Sections 5.2.2
and 5.2.3) with an implementation of DSS using a naive fixpoint algorithm (spe-
cifically, the Kleene iteration described in the previous paragraph). We compare
both the total time taken for the analysis, as well as the total number of iterations
(i.e., the total number of component analyses with the ANALYSE function). The
results are shown in Table 5.2 (for DSS?) and Table 5.3 (for DSS-FS).

time (ms) #£iterations
naive effect-driven ~ %improvement naive effect-driven ~ %improvement
cpstak 17 11 35.29% 137 45 67.15%
dderiv 138 273 4 281 96.90% 110 184 2777 97.48%
deriv 5441 185 96.60% 12 873 318 97.53%
diviter 19 094 367 98.08% 85911 731 99.15%
divrec 20 528 338 98.35% 84 993 725 99.15%
puzzle | >1 801 232 315 554 >82.48% | >13 610 477 140 251 >98.97%
takl 412 49 88.11% 1682 128 92.39%
triangl 396 538 5391 98.64% 554 031 9934 98.21%
tak 8 553 100 98.83% 62 984 567 99.10%
regex 323 18 94.43% 3114 121 96.11%
rsa 187 47 74.87% 1421 127 91.06%

Table 5.2: Comparison of time taken and total number of iterations between a
naive and effect-driven fixpoint algorithm for DSS.

Both DSS and DSS-FS significantly benefit using an effect-driven worklist al-
gorithm, compared to a naive iteration strategy. The improvements are more
pronounced for DSS than for DSS-FS. The reason for this is that an analysis
using DSS (without any form of store widening) encounters many different com-
ponents (as the store is part of each component). The naive fixpoint algorithm

9For DSS, we have omitted benchmarks that timed out for both iteration strategies.
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time (ms) #iterations
naive  effect-driven %improvement naive effect-driven %improvement
boyer | 174 017 113 013 35.06% | 2 440 1944 20.33%
browse 2 418 953 60.59% | 1484 558 62.40%
cpstak 3 3 0.00% 45 30 33.33%
dderiv 392 164 58.16% 503 225 55.27%
deriv 207 87 57.97% 242 109 54.96%
destruc 339 83 75.52% 806 152 81.14%
diviter 1026 122 88.11% 751 124 83.49%
divrec 1092 150 86.26% 642 120 81.31%
puzzle 113 51 54.87% 434 160 63.13%
takl 26 13 50.00% 101 37 63.37%
triangl 73 27 63.01% 175 57 67.43%
matrix 2 577 1784 30.77% | 5 358 2 565 52.13%
tak 2 2 0.00% 27 13 51.85%
mceval 4 083 2 950 27.75% | 3 624 2 397 33.86%
regex 160 119 25.62% 546 340 37.73%
rsa 27 9 66.67% 214 54 74.77%

Table 5.3: Comparison of time taken and total number of iterations between a
naive and effect-driven fixpoint algorithm for DSS-F'S.

needs to analyse all of these components in each iteration. In contrast, the effect-
driven worklist algorithm selectively analyses only those components that could
potentially be affected by an update to the analysis state. Furthermore, due to the
store widening in DSS-FS, component analyses have more dependencies (whereas
in DSS, they only have dependencies on the results of their callees). This renders
components more “sensitive” to updates in the global analysis state (whereas in
DSS, components only require re-analysis when the results of their callees change).

5.4.3 RQ2: Parallel Efficiency for DSS

Figure 5.1 shows the speedups for both context-insensitive (i.e., using m = 0) and
context-sensitive (i.e., using m = 2) DSS and DSS-FS when using our parallel
worklist algorithm. For DSS, a total of only 6 benchmarks from the original
benchmarking suite met our inclusion criteria (as described in Section 5.4.1).
For most configurations and benchmarks, we observe rather consistent speed-
ups up to 16 workers. For DSS, we achieve a maximum speedup of 41x for the
context-insensitive configuration with 32 workers (on the puzzle benchmark), and
a maximum speedup of 18x for the context-sensitive configuration (on the takl
benchmark) for the same number of workers. For DSS-FS, we achieve a maximum
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Figure 5.1: Speedups for DSS and DSS-FS, each in a context-insensitive and a
context-sensitive (m=2) configuration for a varying number of workers.

speedup of 19x for the context-insensitive configuration with 32 workers (on the
decompose benchmark), and a maximum speedup of 16x for the context-sensitive
configuration (on the leval benchmark) for the same number of workers.

For the benchmarks we considered, speedups appear to be more dependent on
the benchmark program rather than the configuration of the analysis (i.e., DSS
vs. DSS-FS or context-insensitive vs. context-sensitive). Unsurprisingly, smaller
programs with low running times in the sequential implementation show less po-
tential for speedup. For context-insensitive DSS-F'S, the browse benchmark is the
shortest running program (taking only 1 second using the sequential implementa-
tion), and achieves noticeably worse speedups compared to the other benchmarks.
Similarly, the dderiv benchmark for DSS takes less than 4 seconds using the se-

154



5.4. EVALUATION

quential implementation, versus over 5 minutes for the puzzle benchmark. For
context-sensitive DSS-FS; the same browse benchmark takes over 2 minutes using
the sequential implementation, and shows consistent speedups up to 32 workers.
One reason for this discrepancy is that our approach exploits data-parallelism
in the worklist: larger worklist sizes offer more opportunities for parallelisation.
A smaller, shorter running program may not be able to adequately saturate the
worklist in order to take advantage of all available workers.

As expected, speedups are most consistent for a small number of workers: when
using only 2 workers, our parallel worklist algorithm consistently achieves close
to a 2x speedup on most benchmarks. We notice that the speedup curve begins
to “flatten” after 8-16 workers. One reason for this, as previously mentioned, is
that benchmarks may struggle to consistently fill up the worklist with as many
components as there are available workers (so that no workers are idling). An-
other reason is that for very large numbers of workers, our approach can become
bottlenecked by the sequential coordinator: while multiple workers can analyse
multiple components in parallel, the shared analysis state can only be updated by
a single coordinator, the processing rate of which puts a limit on the maximum
performance we can achieve (regardless of the number of workers).

These benchmarks also indicate that the overhead of our parallel worklist al-
gorithm is low: when using only a single worker, the performance is very close to
that of the sequential implementation. It should be noted, however, that the paral-
lel worklist algorithm with 1 worker actually still uses 2 threads: one worker thread
(which only analyses components) and one thread for the coordinator (which com-
mits the results of each component analysis). This setup however rarely leads to
actual speedups due to the poor work balance between both threads (i.e., the co-
ordinator idles most of the time, as it only receives results from a single worker).

In rare cases, we may also observe superlinear speedups (e.g., for the puzzle
benchmark in DSS). These can be explained by the fact that the total number of
iterations that need to be performed by the analysis is dependent on the worklist
exploration order. Parallelism adds non-determinism to this exploration order,
as the relative rate at which workers analyse components determines which other
components get scheduled, analysed and processed first. In addition, our parallel
algorithm exploits the monotonicity of the analysis to speed up the convergence
of the analysis state: every component analysis can update the analysis state,
even if that component analysis was not using the latest analysis state itself. The
increased rate at which the analysis state converges could in turn lead to fewer
re-analyses of the same component, reducing the total amount of work for the
parallel analysis. Indeed, for the puzzle benchmark, the sequential implement-
ation requires a total of 140 251 iterations, whereas the parallel implementation
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with 32 workers requires only a total of 79 464 iterations. This difference in the
total amount of work that needs to be performed by the analysis, together with
the use of 32 worker threads, explains the speedup of 41x. Our work confirms
findings reported in related work [42, 4, 46, 93] that often attributes superlinear
or unexpected speedups to the exploration order.

5.4.4 RQ3: Parallel Efficiency for ModF

To demonstrate that the general parallel worklist algorithm of Section 5.3 remains
effective for analyses other than DSS, we also apply it to MODF, the modular
analysis for which the effect-driven worklist algorithm of Nicolay et al. [119] was
originally proposed. MODF is a function-modular analysis. Similar to DSS, its
components correspond to (approximations of) function calls, so that an analysis
of a single component corresponds to an intra-procedural analysis. Applying the
parallel worklist algorithm (Algorithm 5) to MODF therefore results in an analysis
where multiple function calls are analysed in parallel. Unlike DSS however, MODF
is a flow-insensitive analysis, as it makes use of a single global store shared by all
components. Therefore, unlike DSS, MoODF also does not support abstract GC
or abstract counting (and can therefore only perform weak updates).

Figure 5.2 shows the speedups for both context-insensitive (i.e., using m = 0)
and context-sensitive (i.e., using m = 2) MODF when using our parallel worklist
algorithm for a varying number of workers.
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(a) Speedups for context-insensitive MODF. (b) Speedups for context-sensitive MODF.

Figure 5.2: Speedups for MODF, using both a context-insensitive and a context-
sensitive (m=2) configuration for a varying number of workers.

Our observations here are similar to the observation we made in Section 5.4.3.
We notice consistent speedups for MODF up to 16 workers. When using 8 work-
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ers, most benchmarks achieve speedups between 4x and 8x. When using 16
workers, most benchmarks achieve speedups between 4x and 16x. Once more,
longer running benchmarks (such as eceval and compiler) achieve the best spee-
dups, whereas shorter running benchmarks (such as prime_sum pair and matrix)
struggle to maintain increasing speedups for a larger number of workers. Note that
the pathological behaviour of the peval benchmark for context-insensitive MODF
can again be attributed to the nondeterminism in the exploration order: the se-
quential implementation only needs to perform a total of 1899 analyses, whereas
the parallel implementation with a single worker executes a total of 3100 analyses.

These results show that our parallel worklist algorithm is not DSS-specific: it is
not just applicable to other analyses that employ the general worklist algorithm,
but also has the potential to yield substantial speedups for these analyses.

5.5 Related Work

In this section, we discuss related work on sequential and parallel fixpoint al-
gorithms. For both, we distinguish between algorithms that require some form of
dependency graph a priori (such as a control flow graph (CFG)), and those where
such dependencies can be discovered dynamically (i.e., during the analysis itself).

Sequential Fixpoint Algorithms (With Static Dependencies). Kildall [85] in-
troduced one of the first worklist algorithms for computing dataflow analyses
(presented in [85] for the purpose of program optimisation). Kildall’s algorithm
keeps track of a set L of program points to process, and in each iteration removes
and processes a single element from L (potentially adding new elements to L),
repeating this loop until L is empty. In contrast to the worklist algorithm of
Section 5.2, Kildall’s algorithm does not track dependencies dynamically to de-
termine which program points need to be added back to L after each iteration;
instead, it requires a program graph upfront, and upon processing a program point,
adds all successor nodes of that program point in the graph to L if the analysis
state changed (or equivalently — when expressed as a system of equations — all
unknowns for which the data flow equation depends on the changed variable).
Kildall points out that the order in which program points are selected from the
set L impacts the number of iterations taken by the algorithm, but that no op-
timal selection method had been established — we observe the same sensitivity
to the exploration order in our own experiments (Section 5.4.3).

When the CFG is known upfront, another simple, yet reasonably efficient fix-
point algorithm is to process all nodes in the CFG once in a fixed order, repeating
this until the analysis state converges (also known as the round-robin algorithm).
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Hecht and Ullman [64] show that when visiting nodes in reverse postorder, at most
d + 2 iterations are required to reach convergence for bit-vector problems, where
d is the largest number of back edges in any acyclic path in a reducible CFG.
Kam and Ullman [81] later formulate the general monotone dataflow framework
as a formal foundation through which many classical dataflow analyses can be
expressed. They formulate the criteria an iteration sequence should adhere to in

order to compute the least fixpoint!©

of the monotone equations (both Kildall’s
algorithm and the round-robin algorithm generate iteration sequences that meet
these criteria), thereby also showing that the iteration order does not impact the
analysis result when these criteria are met. Cooper et al. [31] later compare the
round-robin algorithm to Kildall’s worklist algorithm in terms of performance
(measured by the total number of iterations). They find that in general, with the
right underlying worklist representation (e.g., a stack, queue or priority queue),
the worklist algorithm’s exploration order outperforms the round-robin algorithm.
A well-known chaotic iteration strategy to compute fixpoints for dataflow ana-
lyses with known dependency graphs is Bourdoncle’s algorithm [23]. Bourdoncle’s
algorithm decomposes the given dependency graph into a hierarchy of (strongly
connected) components, and assigns each component a head element. It then
computes a weak topological ordering (WTO) of the dependency graph, which is
derived from this hierarchy. Unlike a regular topological ordering, a WTO relaxes
the ordering condition so that it also imposes a total ordering of nodes for cyclic
dependency graphs.!! The iterative variant of Bourdoncle’s algorithm repeatedly
processes all nodes once in the WTO order (similar to the round-robin algorithm).
The recursive variant of Bourdoncle’s algorithm also follows the WTO order, but
when encountering an SCC, first recursively computes the fixpoint for that SCC
before continuing iteration. That is, the recursive variant respects the hierarchy
of SCCs by first stabilising an inner SCC before continuing with the outer SCC.
Bourdoncle also shows that the head of each SCC can be used as a widening point,
and that the recursive and iterative variants may compute different solutions due
to the non-monotonic nature of widening operators. In our setting, the domains
we consider adhere to the ACC, and therefore do not require further widening.
Reps et al. [131] present IFDS, which offers an alternative approach to compute
a solution for a class of analyses based on graph reachability. Specifically, the
IFDS framework targets interprocedural analyses over a finite set D of dataflow
facts with distributive transfer functions'?. IFDS reduces the analysis to a graph

1Kam and Ullman [81]’s presentation flips | with T and the join operator (L) with the meet
operator (1), thus technically computing the maximum (instead of least) fixpoint solution.

Hgpecifically, for each edge  — v in the dependency graph, it requires that = < y or that y is
a head of an SCC containing x.

2Function f is distributive when f(alUb) = f(a)Uf(b) (whereas in general, f(alb) I f(a)Uf(b)).
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reachability problem by constructing an exploded supergraph'®: each node in the
supergraph is expanded into | D|+1 nodes (one per dataflow fact plus one extral4),
and an edge (pq, dy) — (pp, dy) is added whenever the transfer function of the edge
Pa — Py derives dataflow fact dy from d,. A dataflow fact d then holds at program
point p when (p, d) is reachable from the initial node along a realisable path (i.e.,
one that at function boundaries always returns to the call site it entered from).
A key aspect of IFDS that greatly improves its efficiency is its use of compact
and reusable function summaries, which is enabled by the distributivity of the
analysis. Distributivity holds for many analyses (such as live variable analyses),
but not for the more general analyses considered in our own work.

Sequential Fixpoint Algorithms (Without Static Dependencies). Fixpoint al-
gorithms for a system of equations where dependencies between unknowns are
not known upfront naturally lend themselves to top-down solvers, as no fixed it-
eration order can be determined upfront. One of the most well-known solvers in
this category is the TD algorithm given by Le Charlier and Van Hentenryck [92],
originally proposed for the analysis of logic programs. The TD algorithm is a
recursive-descent solver: when solving the equation fx for X, it recursively solves
the equation fy for each other unknown Y it encounters (keeping track of all
unknowns on the call stack to avoid infinite recursion!®). In contrast, a worklist
algorithm, like the one presented in this chapter, uses the currently known value
for each unknown Y it reads, and adds X back to the worklist for re-evaluation
if the value of Y ever changes. Algorithm TD builds up a dependency map dy-
namically (i.e., during the fixpoint computation itself), mapping each unknown X
to the set of other unknowns that are influenced by X (in order to destabilise all
dependents of X when X changes). This is similar to how our own dependency
map D maintains a mapping from dependencies to their dependent components.

Fecht and Seidl [47] present algorithm W, a generalisation of Kildall’s worklist
algorithm where dependencies are discovered during the fixpoint computation
itself. They present the worklist algorithm as a generic solver for the unknowns of
a system of equations. Similar to algorithm TD and our own worklist algorithm,
algorithm W maintains a dependency map from each unknown X to the set
of other unknowns that are influenced by X, so that they can be added back
to the worklist whenever X changes. Operationally, algorithm W is in essence

'3The supergraph combines all functions’ CFGs, adding call/return nodes and linking edges.

14The extra node per program point serves as an artificial dataflow fact that always holds, so
that it can be used as a source for unconditional dataflow facts.

'5More precisely, the TD algorithm keeps track of a set of currently Called and Stable unknowns:
it never recursively evaluates an unknown that is already called, and repeatedly evaluates
unknowns until they have stabilised (i.e., only depend on other stable values).
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identical to our own sequential worklist algorithm (and that of Nicolay et al. [119]).
Fecht and Seidl also propose two improvements to algorithm W, resulting in
algorithm WRT (and its sibling algorithm WDF'S). The first improvement takes
inspiration from algorithm TD by allowing a limited form of recursive descent:
newly encountered unknowns are solved recursively instead of using an initial
value L. This usually avoids an extra re-evaluation of the equation reading the
newly encountered unknown once it gets assigned its initial non-bottom value.
The second improvement assigns each worklist item a timestamp, and changes
the worklist into a priority queue that processes items with a higher timestamp
first. This ensures a more efficient scheduling in case of cyclic dependencies.
Both improvements are complementary to our own work, and could therefore be
integrated into the worklist algorithm presented in this chapter.

In this work, we build upon the worklist algorithm of Nicolay et al. [119], origin-
ally presented for MODF, a function-modular (flow-insensitive) analysis (having
adapted it from a similar worklist algorithm for MoDCoONC, a thread-modular
analysis [153]). MODF’s worklist algorithm is similar to that of algorithm W, but
is formulated in terms of components and effects on a shared global store instead
of directly being presented as a solver for a generic system of equations. That is,
MODF uses components (approximations of function calls) as worklist items. The
inter-component (i.e., inter-procedural) worklist algorithm processes each com-
ponent using a simple intra-component (i.e., intra-procedural) analysis. Compon-
ents can communicate (e.g., for argument and return value passing) through the
shared global store, and the intra-component analysis logs all read and write effects
to individual addresses of this store. Read effects are used to register dependen-
cies of a component on addresses in the global store on the fly; write effects then
trigger dependent components for re-analysis by adding them back to the worklist.
Due to this global store, MODF analyses are inherently flow-insensitive. In this
chapter, we have generalised this worklist algorithm by allowing the global store
to be replaced with any other form of shared analysis state on which components
can depend. This allows us to reuse the core of the algorithm for a wider class of
analyses, such as the flow-sensitive DSS and DSS-FS. A key benefit of MODF’s
(and MoDCONC’s) worklist algorithm is the coarse granularity of components,
which represent entire function executions (and thread executions). Our approach
exploits this granularity for efficient parallelisation of the worklist algorithm.

In the original work on abstract definitional interpreters, Darais et al. [40]
propose computing the fixpoint using a co-inductive caching algorithm. Their
fixpoint algorithm is not worklist-based, but can be seen as a recursive descent
solver (cf. sup.), as it recursively evaluates subexpressions directly. In order to
break the recursion, the algorithm makes use of two caches in each iteration: an
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input cache and an output cache. Each recursive evaluation of a call is cut by
directly retrieving its result from the input cache, while the new result of that
call is written to the output cache. The next iteration of the algorithm uses the
output cache of the previous iteration as the new input cache, and the algorithm
terminates once the output cache computed by an iteration is unchanged relative
to the input cache it used. A downside of this approach is that each iteration needs
to evaluate the entire program again (i.e., by evaluating the topmost expression),
whereas our effect-driven fixpoint algorithm only re-evaluates configurations that
were impacted by a change in the cache.

Keidel et al. [84] propose a modular approach to build fixpoint algorithms for
big-step abstract interpreters (such as those of ADI and DSS). They argue that
fixpoint algorithms for big-step abstract interpreters are hard to implement and
reason about (e.g., for soundness proofs) as big monolithic entities, and instead
introduce fixpoint combinators that can be composed to build fixpoint algorithms.
This modularisation makes it easier to modify a single aspect of the fixpoint al-
gorithm (by swapping one fixpoint combinator for another). The authors provide
a library of fixpoint combinators, including ¢iopmost, Which mimics the fixpoint
strategy of Darais et al. [40], as well as @innermost and Poutermost, Which correspond
to the recursive and iterative exploration strategies of Bourdoncle’s algorithm,
respectively. In contrast to Bourdoncle’s algorithm, however, the resulting fix-
point algorithm does not precompute the iteration order from a given CFG, and
instead discovers it during the fixpoint iteration itself. Keidel et al. also list the
conditions a fixpoint algorithm for big-step abstract interpreters should adhere to
in order to guarantee termination. These conditions are slightly more permissive
than the ones we formulated for Algorithm 3: while we require the set of all pos-
sible configurations to be finite, they only require that every infinite call chain is
eventually rendered finite (which they achieve through stack widening).

Parallel Fixpoint Algorithms (With Static Dependencies). Lee and Ryder [93]
identified three types of parallelism in dataflow analysis: independent-problem
parallelism, separate-unit parallelism, and algorithmic parallelism. Independent-
problem parallelism arises when, conceptually, multiple analyses must be com-
puted, and do not depend on each other. Separate-unit parallelism arises when
the analysis can be performed on different components of the program: this is the
kind of parallelism that we exploit in this work. Finally, algorithmic parallelism
arises when the analysis of a single component is made parallel. The authors
provide a parallel algorithm that divides each node of a (static) flow graph into

161



CHAPTER 5. A PARALLEL WORKLIST ALGORITHM FOR DSS

local computations, global propagation, and local propagation. The local phases
can then be executed in parallel for each strongly-connected component of the flow
graph. They achieve a speedup of up to 7.5x on 8 cores for Fortran programs.

Kramer et al. [90] identify that previous approaches to parallelisation are limited
by the structure of the program: the number of components that can be analysed
in parallel greatly varies from program to program. They present an approach
to solve classic dataflow problems (reaching definitions, live variables, available
expressions, and very busy expressions) in parallel. Parallelism is achieved by
identifying independent paths in the flow graph, partitioning linear paths, and by
unrolling cyclic structures from the flow graph. In contrast to our own work, we
focus on a more general class of analyses, and do not require a flow graph upfront.

Early work by Cousot [32] introduces the notion of asynchronous iterations
as a theoretical framework for the parallel fixpoint computation of a system of
equations. Asynchronous iterations generalise standard chaotic iterations: while a
chaotic iteration only computes the equation for a single variable in each iteration
step, asynchronous iterations allow for multiple variables to be solved in each
iteration step (the set of unknowns that should be solved in each iteration is
left open as a parameter of this framework). An important observation made by
Cousot is that the asynchronous iteration at step k does not necessarily require
the latest result for each variable (i.e., of step k—1), but can in fact use the result
of any previous iteration step ¢ < k. This is exactly the same insight we exploit
in our own parallel worklist algorithm, which still updates the analysis state after
a component analysis if stale values of a dependency have been read.

Monniaux [114] describes the parallel implementation of the Astrée static ana-
lyser [37]. The parallelisation approach is tied to the analysis of low-level em-
bedded C programs, where the analysed code contains many switch statements
with many cases. Each case is therefore analysed on a separate thread, and a
speedup of around 2x is achieved on up to 5 cores. Cousot et al. [38] observed
that Astrée does not benefit from parallelisation on more than 4 cores, as “the
cost of synchronisation then outweighs the speedup of parallel execution”.

Xie and Aiken [181] present SATURN, a program analysis framework that is
highly parallelisable, targeting C code in the Linux kernel. The high parallelisa-
tion opportunities come from the fact that SATURN performs bottom-up modular
analysis: each function is analysed in isolation, and functions are analysed before
their callers. This enables many independent functions to be analysed in parallel,
resulting in speedups of up to 29x on 80 cores.

Kim et al. [86] present a parallelisation of Bourdoncle’s fixpoint algorithm [23].
They generalise the concept of a weak topological ordering (WTO) into that of a
weak partial ordering (WPO), so that elements that are independent in the partial
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order can be computed in parallel. Their algorithm remains deterministic and
computes the same result as Bourdoncle’s sequential algorithm (non-determinism
may happen in a parallel abstract interpreter that relies on widening, which is
not a monotone operation). This approach is well-suited for C programs, and the
authors achieve up to an 11x speedup on 16 threads.

Albarghouthi et al. [4] present an approach to parallelise top-down interproced-
ural modular analyses, which are less naturally parallelisable. Parallelisation is
achieved through MapReduce-style parallelism: the map stage is used to analyse
multiple functions in parallel, while the reduce stage manages inter-procedural
dependencies. A speedup of up to 7.4x is achieved on 8 cores.

For Java, Rodriguez and Lhotdk [137] presented a parallelisation of the IFDS
algorithm based on actors. Each CFG node is represented by an actor, and IFDS
facts are propagated by sending messages between actors. A speedup of 6.12x is
achieved on 8 cores (3.35x compared to the baseline sequential algorithm).

Edvinsson et al. [46] parallelise a points-to analysis for Java programs by identi-
fying independent nodes in the CFG, such as different targets of polymorphic calls,
independent control-flow branches, and nodes with different contexts. A task per-
forms the analysis of such an independent node, and is scheduled on a pool of
worker threads. Synchronisation is required to continue the analysis after branch-
ing points. The overall goal is to find the right clustering of analysis nodes on the
pool of worker threads for achieving an optimal analysis time. As this problem is
NP-hard, heuristics are used by carefully selecting thresholds to ensure that each
thread has sufficient work. They achieve a maximum speedup of 4.4x on 8 cores.

Several approaches have been suggested to speed up an analysis by exploiting
parallelism on the GPU. Mendez-Lojo et al. [102] implement parallel inclusion-
based points-to analyses on GPUs. The analysis is made data-parallel by express-
ing it as graph rewrite rules: rules that do not interfere may safely be computed in
parallel. They achieve a speedup of up to 3x on 8 cores on a CPU, and of 7x on a
GPU. Prabhu et al. [129] present an algorithm for higher-order, context-insensitive
(i.e., OCFA) analysis for GPUs. The central idea is to encode the analysis data
(syntax and abstract domains) as vectors and matrices, which benefit from high-
performance operations on GPUs. The monotonicity of the analysis enables a
less careful implementation, where data races or using stale analysis results do
not compromise its soundness. Moving from a dense-matrix to a sparse-matrix
representation of the problem (as CFGs tend to be sparse), the resulting analysis
can achieve a speedup of up to 72x.

While our parallelisation approach exploits only thread-level parallelism on
a single machine, other approaches achieve parallelism in a distributed setting.
Venet and Brat [172] presented the first distributed static analysis implementa-
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tion, focused on detecting out-of-bounds errors in embedded C programs. It relies
on a relational database to store the analysis data, achieving speedups up to 2.7 x
on 8 distributed CPUs. Two key design decisions are discussed that are also key
in our own parallelisation approach: the granularity of the parallelism (which is
set to analyse each function in a separate task) and the scheduling of the analysis
tasks (for which a heuristic picks the most-called function first). They identified
communication costs as the limiting factor for a distributed analysis, showing that
these costs become too high beyond 4 distributed CPUs.

Parallel Fixpoint Algorithms (Without Static Dependencies). There has been
little existing work on parallelising analyses for dynamic languages, where de-
pendencies may not be known statically. An early effort by Weeks et al. [175]
parallelised an abstract interpreter for a parallel higher-order dynamic language,
by partitioning the state space of the analysis for different workers. Similar to
our approach, each worker uses its own local state, which can be updated without
synchronisation costs. They achieve a speedup of 9.4x on 16 threads [42].

Dewey et al. [42] parallelise an abstract interpreter for JavaScript, by partition-
ing states per context. This is one of the few works that focuses on higher-order
dynamic languages, where dependencies may not be known statically. The spee-
dups they report range from 2x to 4x on 12 threads, with a few outliers up
to 37x. In contrast, our approach does not need to partition components per
context, and is therefore also applicable to context-insensitive analyses.

Recent work by Kocal et al. [89] also proposes a novel parallel fixpoint algorithm
for equation systems where dependencies between variables are not known up-
front. The main difference with our approach is that their algorithm is not based
on the worklist solver W, but instead extends the recursive descent solver TD
(cf. sup.), resulting in a novel parallel solver TLTD. Their approach focuses on
enabling the parameterisation of the level of granularity for parallel tasks. That
is, an instantiation can choose a set of root variables that are each mapped to
a worker thread: a single worker for a given root variable then also solves all
unknowns that are recursively descended into when solving the equation for that
root variable. As such, one can mimic our parallelisation approach for DSS(-FS)
and MODF, which all use a separate worker for each function call, by selecting the
variables corresponding to function entry points as root variables. Interestingly,
this work also explores two implementation strategies to allow for communication
between workers: one based on a thread-safe shared state that is immediately
accessed by all workers, and one where all workers maintain analysis state locally
and communicate through a publish-subscribe protocol. The latter roughly cor-
responds to the strategy used in our own parallel implementation of the worklist
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algorithm. The speedups reported by the authors are promising: with 8 workers,
most benchmarks achieve speedups in the 2-8x range, similar to what we observe
for our own algorithm. It would therefore be interesting to explore the use of the
parallel TLTD solver for DSS-based analyses in future work, so that it can be
directly compared to our own worklist-based parallelisation approach.

5.6 Conclusion

In this chapter, we have generalised an existing effect-driven worklist algorithm,
so that it can be instantiated as a fixpoint algorithm for DSS and DSS-FS. By
subsequently parallelising this algorithm, we present a novel approach to con-
struct parallel analyses for dynamic, higher-order languages (including but not
limited to parallel versions of DSS and DSS-FS). The key insight in our work is
that this worklist algorithm offers inherent opportunities for efficient parallelisa-
tion, which we exploit by analysing different components in parallel. Despite its
non-deterministic behaviour, this algorithm obtains the exact same result as the
sequential worklist algorithm, and is able to further exploit the monotonicity of
the analysis to speed up its convergence.

We applied this parallel worklist algorithm to both DSS and DSS-FS, as well as
MoDF, an existing function-modular analysis. Our implementation in the MAF
framework reveals significant speedups. For all considered instantiations, we ob-
serve consistent speedups up to 16 workers (usually between 4x and 16x). As
such, in general our parallelisation strategy appears to achieve similar or better
speedups compared to existing parallel analyses. In addition, it does not re-
quire the control-flow graph of the program under analysis beforehand, and can
therefore also be used for analyses that target dynamic, higher-order languages.
Finally, it is directly applicable to both context-sensitive and context-insensitive
analyses, and to analyses both with and without abstract GC. The latter allows us
to stack the performance benefits of abstract GC with those of our parallelisation
algorithm, therefore attacking scalability issues on two fronts at the same time.
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6 Conclusion and Future Work

Static analysis enables reasoning about the run-time behaviour of a program
without executing that program. It is the foundation for program verification,
comprehension and optimisation. In order to be considered useful in practice,
static analyses require both adequate precision and performance. Unfortunately,
achieving both at the same time can prove challenging, as most techniques that
increase precision come at the cost of performance (and vice versa).

In this work, we have presented various techniques that can improve both the
precision and performance of static analyses at the same time. These efforts were
twofold. First, we focused on abstract garbage collection, which is known to
benefit both precision and performance on its own. However, many of these bene-
fits are often lost in its traditional integration into modern abstract interpreters,
partly due to its performance overhead, and partly due to its incompatibility with
big-step abstract interpreters. We introduced novel techniques, abstract reference
counting (Chapter 3) and delta store semantics (Chapter 4), that overcome these
issues, so that both the precision and performance benefits of abstract GC are
maximised. Second, we further improved performance by proposing an efficient,
parallel fixpoint algorithm for such analyses (Chapter 5).

In this concluding chapter, we provide a brief summary of this dissertation,
recapitulate our contributions and provide guidance for future work.

6.1 Summary of the Dissertation

In Chapter 1, we motivated the importance of abstract GC, highlighting the mech-
anisms through which it improves the precision and performance of an abstract
interpreter: avoiding garbage-induced imprecision (e.g., by preventing joins with
garbage values) and rendering analysis results more reusable (through garbage
irrelevance). We then focused on two problems faced by existing approaches to
abstract GC: its performance overhead, caused by the need for frequent applica-
tions that traverse the entire heap (which partly negates abstract GC’s perform-
ance benefits), and its poor compatibility with big-step abstract interpreters (due
to the lack of an explicit continuation from which to extract root addresses).

167



CHAPTER 6. CONCLUSION AND FUTURE WORK

In Chapter 2, we introduced a minimal higher-order language Aang, which is
used as a basis for all formalisations in this dissertation. We presented the small-
step concrete and abstract semantics of Aang (following the Abstracting Abstract
Machines (AAM) approach [105]), and showed how (abstract) GC is traditionally
integrated into these (abstract) semantics by using a tracing collector to reclaim
unreachable addresses at every evaluation step. We also highlighted the well-
known synergy between abstract GC and abstract counting: abstract GC can
keep abstract counts lower (by resetting counts for reclaimed addresses to 0),
while abstract counting can allow for more garbage to be reclaimed (by removing
values from the store through strong updates).

In Chapter 3, we tackled a first issue of the traditional integration of abstract
GC presented in Chapter 2: GC is applied at every evaluation step, which leads
to a significant performance overhead (therefore partly negating the performance
benefits of abstract GC) as the entire heap needs to be traversed at every GC ap-
plication. At the same time, applying GC less frequently would no longer eliminate
all garbage-induced imprecision (therefore partly negating the precision benefits
of abstract GC). We surveyed existing literature and implementations, and found
that abstract GC is often applied only at specific program points to avoid this
issue, consciously sacrificing precision for performance. In order to avoid having
to make this tradeoff, we subsequently proposed a novel alternative approach to
collect all garbage in an abstract interpreter based on reference counting instead
of tracing GC, which we referred to as abstract reference counting. By using
abstract reference counting, garbage is immediately reclaimed using simple book-
keeping. Frequent heap traversals are avoided altogether, which makes abstract
reference counting insensitive to the size of the heap: the cost of collecting garbage
is only proportional to the amount of garbage being collected. We formalised the
small-step abstract semantics augmented with abstract reference counting. We
then pointed out that naive abstract reference counting does not suffice to keep
the interpreter garbage-free: reference counting cannot reclaim garbage cycles,
and we showed that cyclic structures are more common in an abstract interpreter
due to abstraction. Therefore, we presented an extended version of abstract ref-
erence counting with cycle detection: by detecting all cyclic structures (SCCs)
and counting references at the level of SCCs, we overcame this limitation of ref-
erence counting and were able to reclaim all garbage. While our cycle detection
algorithm follows a naive approach to detect cycles, we provided both formal and
empirical evidence that it is reasonably efficient for an abstract interpreter. Our
experimental evaluation showed that abstract reference counting with cycle detec-
tion indeed achieves exactly the optimal precision (i.e., the same as applying GC
at every step), while exhibiting an order-of-magnitude performance improvement
over existing approaches that rely on tracing GC.
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In Chapter 4, we tackled a second issue of traditional integrations of ab-
stract GC: big-step abstract interpreters (e.g., those following the Abstracting
Definitional Interpreters (ADI) approach [40]) offer several advantages compared
to the small-step abstract interpreters presented in Chapter 2 (and Chapter 3),
but are not immediately compatible with abstract GC. The problem is that
abstract GC requires a root set of addresses, which traditionally includes
addresses reachable from the continuation; this continuation is no longer directly
accessible in a big-step abstract interpreter. We argued that existing approaches
to combining abstract GC with big-step abstract interpreters sacrifice some
of the benefits of either technique and/or greatly overcomplicate the abstract
semantics. We therefore introduced an alternative form of big-step semantics
that allows for a more efficient integration of abstract GC, which we referred
to as delta store semantics. Delta store semantics remain close to the original
big-step semantics, but return a delta store representing all changes to a store
instead of the full updated store. We first formalised DSS without abstract
GC, and then showed how abstract GC can easily and efficiently be integrated
into these semantics by adding a single evaluation rule. DSS with abstract
GC preserves the full precision and performance benefits of abstract GC and
big-step abstract interpreters. In addition, it unlocks an extra synergistic benefit
in the form of stackless GC: DSS can collect garbage without continuation
addresses as part of the root set, leading to more garbage being collected and
therefore amplifying the positive effects of abstract GC. We presented a formal
claim, along with a mechanised proof in Rocq (for programs without mutable
variables), showing that this leads to abstract GC achieving superior precision
in DSS compared to its small-step (AAM) counterpart. The results of our
experimental evaluation are consistent with this claim. However, they also
show that DSS still suffers from scalability issues, due to the combinatorial
explosion of program states it has to explore in case of finite abstract domains,
and potentially infinite number of states for infinite abstract domains. In order
to overcome these scalability and termination issues, we also presented DSS-F'S,
a version of DSS with flow-sensitive store widening. Store widening avoids the
state space blow-up, thereby significantly improving performance in general.
Unlike traditional (global) store widening, DSS-FS’s flow-sensitive store widening
only widens per program point, and therefore remains compatible with abstract
GC and abstract counting. Our experiments showed that DSS-FS overcomes the
scalability issues of DSS (resolving 15 out of the 18 timeouts in our benchmarks),
at the cost of giving up some of the precision benefits of abstract GC.

In Chapter 5, we presented a fixpoint algorithm to efficiently compute a sound
solution using the evaluation rules given in Chapter 4. We generalised an exist-
ing effect-driven worklist algorithm that has already proven effective for a class
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of flow-insensitive, modular analyses. We then presented instantiations of this
generalised worklist algorithm for DSS and DSS-FS. These instantiations break
the recursion in the evaluation rules presented in Chapter 4 by passing around a
cache, therefore showing how such analyses can be implemented in practice. Sub-
sequently, we presented a parallel version of this generalised worklist algorithm,
therefore automatically rendering all instantiations of this algorithm (such as those
of DSS and DSS-FS) parallel “for free”. Our experimental evaluation showed that
this parallel version scales well for our benchmark programs on multi-core CPUs
for both DSS(-FS) and other analyses that can be expressed using the general-
ised worklist algorithm (achieving consistent speedups up to 16 workers, with a
maximum observed speedup of 41x when using 32 workers).

Overview of Presented Approaches and Their Characteristics. Throughout the
dissertation, we have discussed several approaches to abstract interpretation, some
from existing work and some newly developed in this work. Table 6.1 provides an
overview of these approaches, summarising their characteristics with respect to
abstract GC, pushdown CFA, flow sensitivity, scalability and requirements on the
abstract domain. We do not include the worklist algorithms of Chapter 5 in this
overview, as the choice of fixpoint algorithm is orthogonal to these approaches.
Abstract reference counting, which we introduced in Chapter 3 for a small-step
(AAM) abstract interpreter, is the only approach to abstract GC with a low
GC overhead. All approaches that apply abstract GC enjoy its precision (and
the corresponding performance) benefits. For DSS-FS, however, this effect is
muted, as some (but not all) of the precision benefits are negated due to the
store widening. Due to its use of a global store, MODF cannot perform GC at
all, and crucially also does not support abstract counting (and therefore strong
updates). All approaches that apply abstract GC also enjoy the benefit of garbage
irrelevance. MODF can also be considered to enjoy garbage irrelevance: even
though it does not apply abstract GC, garbage in the global store of MODF does
not lead to multiple redundant evaluations of the same component. DSS and
DSS-FS are the only approaches that unlock the extra benefit of stackless GC,
which forms a core advantage of these approaches compared to existing work.
AAM-based approaches feature none of the advantages of pushdown CFA.! In
contrast, big-step abstract interpreters inherit perfect stack precision and context
irrelevance for free. However, the ADI approach combined with abstract GC (as
presented in [40]) gives up context irrelevance in order to support abstract GC,
whereas DSS and DSS-FS do so without giving up this desirable property. ModF

"Variants of AAM, such as AAC [57] and P4F [56], do enjoy perfect stack precision (by con-
struction), but not context irrelevance. We omit these variants from Table 6.1 for brevity.
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AAM
without abstract GC [105] (§2.3) n/a x X nj/a x v ox Vv
with abstract GC (I'CFA) [105, 106] (§2.3.2) x v v X X X v X
with ARC §3.2 v v vV o x X X v X X
ADI
without abstract GC [40] (§4.2) n/a X X n/a Vv v v x v
with abstract GC [40] (§4.2) x v vV o x Vv X vooxoox
DSS §4.3 x v v v Y v vioxoox
DSS-FS §4.5.2 X ~ v v V v v v v
ModF [119] n/a x v nj/a v v x v Vv

Table 6.1: Overview of the approaches discussed in this dissertation and their
characteristics (v/ = yes, X = no, ~ = partially, n/a = not applic-
able). Approaches highlighted in bold are those developed in this
work. TAssuming abstract counting is also disabled.

follows the design of big-step abstract interpreters (without abstract GC), and
therefore also enjoys both perfect stack precision and context irrelevance. The
advantages of pushdown CFA come at a cost not visible in Table 6.1: approaches
that do not model the continuation (ADI, DSS, DSS-FS and MoDF) do not
support first-class continuations directly, whereas they can be supported trivially
for small-step abstract interpreters (such as AAM).

MoDF is the only analysis in Table 6.1 that does not support flow sensitivity,
again due to its use of a global store. Therefore, it can be considered less precise
than the other analyses (such as DSS-FS) even without the use of abstract GC.

We consider all approaches that employ local stores (i.e., stores that are directly
part of states and configurations) as not scalable, since local stores directly lead
to exponential analysis complexity. Therefore, only DSS-FS, which widens stores
per program point, and MODF, which only maintains a single global store, are
marked as scalable. Our experiments indeed confirm that only these approaches
are able to consistently avoid timeouts for larger programs.

171



CHAPTER 6. CONCLUSION AND FUTURE WORK

The last column indicates the requirement on the abstract domain Val to guar-
antee termination for the abstract interpreter. Without abstract GC and strong
updates (through abstract counting), stores can only grow through joins, and
therefore form ascending chains on each execution path so that the ACC for Val
suffices to guarantee convergence (and therefore termination). In Table 6.1, this
is the case for the AAM-based and ADI-based abstract interpreters without ab-
stract GC. With abstract GC and/or strong updates (through abstract counting),
which remove bindings from the store, this monotonicity guarantee breaks, and
therefore a finite domain is required to guarantee termination. In Table 6.1, this
is the case for 'CFA, AAM with ARC, ADI with abstract GC, and DSS. Store
widening can recover termination under the ACC, as an ascending chain of stores
is obtained by construction. In Table 6.1, this is the case for DSS-FS and MoODF.
Note however that the global store widening of MODF is incompatible with ab-
stract GC; DSS-FS is therefore the only technique that supports both abstract GC
(and strong updates) while only requiring the ACC for its abstract domain.

6.2 Contributions

We restate the main contributions of the work presented in this dissertation.

Abstract Reference Counting. In Chapter 3, we presented a novel approach
to avoid the performance overhead of abstract GC by using reference counting
instead of tracing GC techniques. Our resulting approach is able to collect all
garbage, therefore achieving the optimal precision with only minimal overhead.
Concretely, we made the following contributions in this chapter:

e We introduced abstract reference counting as a more efficient alternative to
abstract tracing GC, providing a formalisation of abstract reference counting
for a small-step (AAM-based) abstract interpreter.

o We proved that abstract reference counting is not only GC sound (i.e., it
only removes garbage), but also garbage-free (i.e., it removes all garbage) in
the absence of cyclic pointer chains in the heap.

e We identified sources of garbage cycles during abstract interpretation, and
presented a novel cycle detection algorithm for abstract reference counting
based on these observations. We showed that per insertion to the abstract
interpreter’s continuation store, where cyclic garbage causes the most issues,
the algorithm only requires amortised O(1) additional operations.

e We provided an implementation of abstract reference counting in the Scala-
AM framework? and an empirical evaluation of our approach using the Gab-

2Publicly available at https://github.com/noahvanes/scala-am-abstractgc.
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riel benchmark suite for Scheme programs [49]. The results showed that our
approach achieves optimal precision and is significantly more performant
compared to existing approaches to abstract GC.

Delta Store Semantics. In Chapter 4, we introduced DSS, a novel formulation of
abstract big-step semantics that allows for an efficient integration of abstract GC.
In addition, we tackled scalability issues for abstract interpreters using local stores
by introducing a form of store widening for DSS that remains compatible with
abstract GC. Concretely, we made the following contributions in this chapter:

o We presented DSS as a novel formulation of big-step (ADI-style) abstract se-
mantics where evaluation steps return minimal and composable delta stores
(representing changes to a store) instead of complete updated stores.

e We showed how abstract GC can be integrated into DSS, exploiting the full
potential of combining abstract GC with pushdown control flow. Thanks
to stackless GC, this integration achieves better precision than traditional
abstract GC for small-step (AAM-like) abstract interpreters. We formulated
this claim as a theorem, and provided a mechanised proof for it in Rocq for
programs that do not make use of variable assignments.

e We introduced flow-sensitive store widening for DSS, further exploiting the
minimal and composable nature of delta stores. Unlike global store widen-
ing, this form of store widening remains compatible with abstract GC.

o We provided an implementation of DSS (including the integrations of ab-
stract GC and flow-sensitive store widening) in the MAF framework?. Using
this implementation, we conducted an evaluation that provided empirical
evidence for the previously stated precision claim and for the benefit of
flow-sensitive store widening for the scalability of the analysis.

A Parallel Worklist Algorithm. In Chapter 5, we introduced an efficient, parallel
worklist algorithm to compute the fixpoint for a wide class of analyses (including
but not limited to analyses based on DSS and DSS-FS). Concretely, we made the
following contributions in this chapter:
e We generalised an existing effect-driven worklist algorithm, so that it can
be used as a (sequential) fixpoint algorithm for a wider class of analyses.
o We instantiated this generalised worklist algorithm for DSS and DSS-FS,
thereby showing how such analyses can be implemented efficiently.
e We proposed a novel parallel version of this generalised worklist algorithm,
automatically rendering all of its existing instantiations parallel for free.

3Publicly available at https://github.com/softwarelanguageslab/maf.

173


https://github.com/softwarelanguageslab/maf

CHAPTER 6. CONCLUSION AND FUTURE WORK

« We integrated this parallel worklist algorithm into MAF* and conducted an
evaluation showing that it can achieve significant speedups on multi-core
CPUs for both DSS(-FS) and other instantiations of the worklist algorithm.

6.3 Limitations & Future Work

In this section, we propose several directions for future work, based on limitations
of the current work presented in this dissertation.

DSS with Abstract Reference Counting. We have introduced abstract reference
counting and DSS independently of one another in Chapter 3 and Chapter 4, re-
spectively. That is, our current formulation of DSS still uses abstract tracing GC
to collect garbage, and therefore suffers from a significant performance overhead
as GC is applied at every step® (as indicated in Table 6.1). In order to overcome
this issue, we could replace the tracing GC of DSS with abstract reference count-
ing. We argue that integrating abstract reference counting into DSS is mostly
a technical effort. A simple approach could, for instance, only count references
for every store &; whenever a store is modified by applying a delta store, the
reference map qg can then be updated accordingly for . As such, only the input
configurations of DSS need to be extended to carry an additional component (;AS to
correctly maintain the bookkeeping for abstract reference counting.

Alternative Store Widening Strategies for DSS-FS. In Chapter 4, we intro-
duced DSS-FS, a variant of DSS with flow-sensitive store widening to solve its
scalability issues while preserving compatibility with abstract GC. While DSS-FS
remains compatible with abstract GC, it arguably loses too many of the precision
benefits that abstract GC offers due to widening. As discussed in Section 4.5.3,
the root cause of the problem is that only a single store is maintained per program
point, so that all allocations at that program point are joined in the same store.
In Section 4.7, we have already hinted at several less aggressive store widening
strategies that would preserve more of abstract GC’s precision benefit. Trace
partitioning [99, 113], for instance, would keep multiple stores per program point
based on different abstract traces. Another promising alternative to our own flow-
sensitive store widening for DSS-F'S is the stack widening principle used by Keidel
et al. [84], which only joins stores for program points that occur in a loop. Under
such a stack widening strategy, the precision benefits of abstract GC would only

4Publicly available at https://github.com/softwarelanguageslab/maf/tree/parallel-dss.
5In fact, to avoid the impact of this overhead on our measurements, we only applied abstract GC
for DSS at every function call for the experiments conducted in Chapter 5.
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be sacrificed locally when needed to avoid infinite call chains. Finally, adaptive
widening techniques, such as those proposed by Oh et al. [124], could be used to
apply store widening for only some addresses in the store, so that non-widened
addresses still obtain the maximum benefit of abstract GC.

Support for First-Class Continuations. In this work, we used a minimal lan-
guage AaNF as a target for our analyses. Neither Aanrp nor the subset of R5RS
supported by our implementations features first-class continuations (such as those
captured by call/cc). The impact of this restriction differs per contribution:

e The restriction is not inherent to abstract reference counting. In Chapter 3,
we presented abstract reference counting for an AAM-based abstract inter-
preter. For such small-step interpreters, adding support for first-class con-
tinuations is straightforward, as continuations are modelled explicitly, and
continuation addresses can be used as a representation for continuation val-
ues. Abstract reference counting would remain garbage-free and GC sound,
as Theorem 8 makes no assumptions about the references between the value
and continuation stores. The amortised O(1) bound of Theorem 7 is no
longer guaranteed, however, as discussed in Section 3.3.3.

o For DSS (Chapter 4), the restriction is inherent to its foundation in big-
step abstract interpreters, which do not explicitly model the continuation.
The challenge lies only in supporting re-entrant continuations (such as those
captured by call/cc) and language features that suspend and resume com-
putations (e.g., generators and coroutines in Python or JavaScript). In con-
trast, non-local control that escapes to an enclosing context (e.g., through
continuations captured with call/ec, and through language features such
as exceptions, break and return) can directly be supported in big-step
abstract interpreters (including DSS) by modelling it as an additional eval-
uation result that is propagated to that enclosing context. For re-entrant
continuations, using a CPS transformation for code that makes use of first-
class continuations would in turn void the main benefits of pushdown control
flow for that code (as discussed in Section 4.1.1). An alternative approach,
as demonstrated in [180], is to exploit the cache of the abstract interpreter:
in ADI-based analyses, one can return a value to the continuation of any pro-
cedure call by writing that value to the cache entry for that call (i.e., for the
corresponding configuration). Doing so directly enables support for first-
class continuations, and therefore also other non-local control constructs.
For DSS, this would additionally require computing the delta store for that
configuration, given the store that the continuation was called with. We
leave such an extension of DSS open as future work.
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e The parallel worklist algorithm of Chapter 5 is orthogonal to this restric-
tion. It is parameterised by the choice of components, dependencies and
component analysis, and only inherits the restriction through its instanti-
ations (for DSS, DSS-FS and MoDF). It already supports the mechanism
described above to extend DSS with first-class continuations, as the analysis
of a component may update arbitrary dependencies (in this case, the result
for the cache entry of the configuration whose continuation is invoked).

Support for Richer Abstract Domains. In this work, we have made several as-
sumptions on the abstract domain used by our analyses. For DSS, we support only
finite domains, whereas for DSS-F'S, we require that the abstract domain adheres
to the ACC. In order to build more interesting analyses on top of our tech-
niques, we argue that our analyses can be extended with widening operators [33]
to support domains with infinite height lattices (such as the well-known interval
domain). These widening operators could for instance be (selectively) inserted
as a replacement for joins when merging stores per program point in DSS-FS.
In order to avoid losing too much precision prematurely, ideally this should be
combined with a stack widening policy, as in the work of Keidel et al. [84]. In ad-
dition, all domains considered in this work are non-relational; relational domains
such as polyhedra [36] and octagons [110] (e.g., from the Apron library [72]) are
not supported. Abstract GC can be supported for relational domains through
projection: relational variables that are associated with a collected address are
existentially quantified out of the relational state. An open question is how the
representation of delta stores can be extended to represent changes to both the
non-relational and relational part of the abstract state, and how operations on
delta stores (such as composition and replay) need to be adapted accordingly.

Improved Incremental Cycle Detection for Abstract Reference Counting. Ab-
stract reference counting requires an incremental cycle detection algorithm that
can handle both the addition and the deletion (due to strong updates) of edges.
For this purpose, we currently employ a simple algorithm, which we have shown to
perform reasonably well for detecting cycles in an abstract heap. However, more
advanced cycle detection algorithms have been proposed [136, 61, 14] that prom-
ise better asymptotic performance compared to our own approach. While our
benchmarks currently do not yet show a significant performance overhead from
cycle detection, other programs and/or abstractions that lead to less “shallow”
pointer structures in the heap may benefit from adopting these algorithms.
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Parallelisation of Other Fixpoint Algorithms. In Chapter 5, we have parallelised
a worklist-based fixpoint algorithm. Worklist algorithms offer inherent opportun-
ities for parallelisation, as items in the worklist can be processed concurrently.
However, as discussed in Section 5.5, alternative fixpoint algorithms often prove
more efficient in practice. One possible avenue of future work is to integrate the
improvements proposed by Fecht and Seidl [47] for their sequential worklist al-
gorithm into our structurally equivalent parallel worklist algorithm. Another pos-
sible direction is to investigate the parallelisation of solvers that are not worklist-
based, but instead rely on recursive descent (such as those in [23, 92, 84]). Kim
et al. [86] already present a parallel version of Bourdoncle’s algorithm, but their
technique requires the iteration strategy to be precomputed from the CFG. Keidel
et al. [84] present a sequential version that follows Bourdoncle’s iteration strategy
without requiring a CFG upfront. It remains an open question whether we can
combine the best of both techniques, so that we obtain a parallel, recursive-descent
fixpoint solver that does not require a dependency graph upfront.

6.4 Concluding Remarks

Software has become too complex and too present in today’s society to manage
without the help of automated tools that can reason about these software systems.
Static analysis is the foundation of these tools. However, static analysis is only
truly useful in practice when it meets certain standards in terms of precision and
performance. Unfortunately, most available techniques to increase the precision of
the analysis come at the cost of performance, and vice versa, so that an analysis
that is both fast and precise is hard to come by. There are, however, a few
techniques that manage to improve both precision and performance at the same
time. In this work, we have focused on two such techniques — abstract GC and
parallelisation — with the aim of getting the most out of them.

We argue that abstract GC is a key enabler for scalability, as larger programs
bring about larger heaps that require localised reasoning with compact cached ana-
lysis results (in an ideal setting: purely local summaries, which are the foundation
for scalability in, for instance, separation logic). Our work renders abstract GC
more applicable to existing abstract interpreters without compromise. It shows
that abstract GC can be made cheap to integrate (thanks to abstract reference
counting), removing the need to choose between the precision and performance
benefits of abstract GC. It shows that abstract GC can be made compatible with
modern big-step abstract interpreters (thanks to delta store semantics), remov-
ing the need to sacrifice the benefits of either. At the same time, our empirical
evaluations also show that the analysis designs where abstract GC brings about
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its greatest benefits cannot themselves be considered scalable (mostly due to the
use of local stores without any form of store widening). Our work therefore ex-
plored a store widening technique that does not fully compromise the benefits
of abstract GC. We argue that finding a balance between such widening tech-
niques (e.g., using the stack widening principle) and abstract GC is key to further
maximising overall analysis scalability and precision.

Parallelisation is another orthogonal approach we proposed in our work to
further speed up the analysis without compromising its precision. By parallelising
a general worklist algorithm, we argue that our parallelisation approach can
be used to parallelise a large class of analyses for dynamic, higher-order languages.

The different approaches presented in this work — abstract reference counting,
delta store semantics, and the parallel worklist algorithm — can all be considered
orthogonal to each other. Therefore, they can all be used independently of one
another, or be combined as needed to get the benefits of each approach.
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